A GENERAL REGULARITY THEORY 
FOR WEAK MEAN CURVATURE FLOW 



KOTA KASAI AND YOSHIHIRO TONEGAWA 

Abstract. We give a new proof of Brakke's partial regularity theorem up to C^^*" for 
weak varifold solutions of mean curvature flow by utilizing parabolic monotonicity formula, 
parabolic Lipschitz approximation and blow-up technique. The new proof extends to a 
general flow whose velocity is the sum of the mean curvature and any given background 
flow field in a dimensionally sharp integrability class. It is a natural parabolic generalization 
of AUard's regularity theorem in the sense that the special time-independent case reduces 
to Allard's theorem. 



1. Introduction 

A family {Mt}t>oof fc- dimensional surfaces in R" is called the mean curvature flow (here- 
after abbreviated MCF) if the velocity of Mt is equal to its mean curvature at each point 
and time. As one of the most fundamental geometric evolution problems, the MCF has been 
the subject of intensive research since 1980's. The earliest study of MCF goes back to the 
seminal work of Brakke |6| who used the notion of varifold pQ in geometric measure theory 
to show the existence of weak solutions for general initial surfaces. More precisely, given 
any fc-dimensional integral varifold Vq with some mild finiteness assumptions, he showed 
the existence of a family of varifolds {V^}t>o each of which satisfies the MCF equation in 
a distributional sense for all t > 0. For a.e. time, Brakke additionally proved that Vt is 
integral. Assuming that the density function is equal to 1 almost everywhere, Brakke also 
claimed that the weak MCF varifold solutions are supported by smooth /c-dimensional sur- 
faces almost everywhere. The hypothesis is called the 'unit density hypothesis' and it is a 
natural assumption since even the time-independent case of Allard's regularity theory has 
essentially the same hypothesis. Brakke's regularity theory introduced remarkably ingenious 
tools such as the 'clearing-out lemma' and the 'popping soap film lemma', and it has a sig- 
nificant influence on the analysis of the related singular perturbation problems such as the 
Allen-Cahn equation [2] and the parabolic Ginzburg-Landau equation [H El [TSl US] • How- 
ever, the detail of Brakke's regularity theory is technically involved and a clear accessible 
proof is desired due to its importance. 

The aim of the present paper is twofold. The first aim is to give a new and self-contained 
proof of Brakke's partial regularity theorem up to C^'^. Brakke's proof relies on a long 
chain of graphical approximations which is complicated and hard to follow (see |6l 6.9, 
'Flattening out']). Utilizing the 'L^-L°° lemma' (which we explain below) we replace this 
part with Allard-like Lipschitz approximations. The second aim is to generalize the result so 
that the velocity of motion may have an additional transport term which belongs to a certain 
integrability class. The existence of such flow has been studied by Liu-Sato- Tonegawa jT7] 
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and it motivated the authors to investigate the generahzation of Brakke's theorem. Also, 
such extra term may naturally arise when one considers the MCF in Riemannian manifolds 
via Nash's imbedding theorem. From a view point of regularity theory, the result of the 
present paper reduces essentially to Allard's regularity theorem pQ in the special case of 
time-independent case. We note that simple modifications of Brakke's original proof do 
not seem to yield the theorem of the present paper when one puts the general transport 
term. Building upon the present work and assuming that the transport term u (see the 
assumption) is a-Holder continuous, the second author established C^'" regularity theorem 
in the forthcoming paper [26]. In particular [26] proves that the unit density Brakke's MCF 
without transport term (i.e. m = 0) is for a.e. time and a.e. everywhere C°°, which was 
originally claimed in (see Section [10.11 for a further comment). 

The major difference of our proof compared to [6J is the use of the 'L^-L°° lemma' of 
Section [221 It shows that the smallness of measurement of 'height' of MCF in the sense 
(hereafter called L^-height) guarantees that the whole support of MCF lies in a narrow 
region close to a fc-dimensional plane. The proof of this fact utilizes an analogy of the 
well-known parabolic monotonicity formula due to Huisken [T3] (and see [H |2l] for similar 
formula in case of harmonic heat flow). Note that Brakke's work preceded the discovery of 
parabolic monotonicity formula and only the 'elliptic' monotonicity formula was available 
at the time. The L^-L°° lemma may be considered as a robust version of Brakke's clearing- 
out lemma in the sense that the former may accommodate general transport terms while 
the latter apparently has some limitations doing so. With this new input the proof may 
be outlined as follows. We make a full use of the so-called popping soap film lemma with 
some modifications from [51 6.6], which gives a control of the space-time norm of the 
mean curvature in terms of the smallness of L^-height (corresponding to Section [5]). Then 
the rest of the proof proceeds more or less like Allard's regularity proof with parabolic 
modifications. Namely we approximate the support of moving varifolds by a Lipschitz 
graph (with respect to the parabolic metric) utilizing parabolic monotonicity formula. Then 
through a contradiction argument, we employ the blow-up technique. While the blow-up 
limit is a harmonic function in Allard's case, it is a solution of the heat equation in the 
present case. This gives a decay estimate of L^-height with respect to a slightly tilted 
/c-dimensional plane in a smaller scale. Iteration argument gives Holder estimate of the 
spacial gradient of the graph just like Allard's case. Though the proof of the present paper 
is lengthy and technically involved, we expect that the researchers familiar with regularity 
theory would find the details more tractable and natural than Brakke's original one. 

There have been a large amount of research on the MCF and we may mention only a small 
fraction of them related to Brakke's varifold solutions. For existence of generalized solutions 
we mention [31 El [101 El HH]- In particular Evans-Spruck [11] proved that the almost every 
level set of viscosity solution of MCF in the context of level set method is MCF in Brakke's 
sense. These level sets naturally satisfy the aforementioned unit density hypothesis, hence 
Brakke's theorem applies. White discovered a simple proof of local regularity theorem [27] 
up to and including the time at which singularities first occur in any classical MCF. He 
showed the local regularity when the Gaussian density is close to 1. This result is sufficient 
for many interesting cases (see the introduction of [27J), but nevertheless, does not replace 
Brakke's theorem in full. There have been a significant advance of knowledge in the case 
of mean convex hypersurface, where the salient features of singularities of MCF have been 
estabhshed ( [El |28l [29] ) . The good reference on the subject is [9], where one can find many 
useful estimates for Brakke's fiow written in smooth setting. 
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The organization of the paper is as follows. Section 2 lists notations and recalls some well- 
known results from geometric measure theory. Section 3 contains the assumptions and main 
result. The content of Section 4, the Lipschitz approximation of varifolds for fixed time, is 
used in the subsequent Section 5, which deals with the local energy estimate, or tilt-excess 
estimate in terms of L^-height if one looks for an analogy with Allard's regularity theory. 
Section 6 is independent of the previous two sections, and establishes monotonicity-type 
formulae and L^-L°° estimates. Section 7 is independent and gives construction of parabolic 
Lipschitz graph which approximates moving varifold with good error bounds. Based on 
the estimates and constructions obtained through Section 5-7, Section 8 shows the decay 
estimates of L^-height via blow-up techniques. Theorem 18.71 is the main local regularity 
theorem. Section 9 shows that Theorem 18.71 is applicable for a.e. time and concludes the 
proof of main partial regularity theorem. Section 10 lists a few concluding remarks and 
Section 11 collects basic results from [T] and [H] for the convenience of the reader. 



2.1. Basic notations. Throughout this paper, k and n will be positive integers with < 
k < n. By regarding n and k as absolute constants, dependence of constants on k and n may 
not be stated explicitly. Let N be the natural number and := {x > 0}. For < r < oo 
and aeW (or R^) let 

Br{a) := {x : |x - a| < r}, B^{a) := {x eR'' : |x - a| < r} 

and when a = let := -Br(O) and B^ := B^(0). We also define r(r)(x) := rx. For s G M 
define a parabolic cylinder 

Pr{a, s) := {(x, t) G M" X M : |x - a| < r, |t - s| < r^}. 

Note that it is not an often-used parabolic cylinder with t located at the top end. Let A be 
the closure of A C M". For a G A let 

Tan {A, a) 

be the closed cone whose intersection with {x G : |x| = 1} is given by 
(2.1) no<r<oo {{x — a)/\x — a\ : x E An Br{a) \ {a}}. 

We denote by the Lebesgue measure on M" and by Ti^ the A;- dimensional Hausdorff mea- 
sure on M". The restriction of "H*"' to a set A is denoted by H^Ia- We let Uk ■= C^{B'^). For 
an open subset f/ C let Cc{U) be the set of all compactly supported continuous functions 
on U and let Cc{U; M") be the set of all compactly supported, continuous vector fields. The 
upper subscript of Cl.{U) and C^(f/ ; M") indicates continuous /-th order differentiability. For 
g G C^{U]R^), we regard Vg{x) as an element of Hom(M", M"). Similarly for g G C^{U), 
we regard the Hessian matrix V^fi'(x) as an element of Hom(M",M"'). V always indicates 
differentiation with respect to space variables, and not with respect to time variable. 

For any Radon measure /x on M" and G Cc(ffi") we often write /i(0) for Jj^„ Let 
spt yU be the support of /x, i.e., x G spt /i if Vr > 0, fi{Br{x)) > 0. Let Q^{fi,x) be the 
/c-dimensional density of /i at x, i.e., limr^o fi{Br{x))/{ukr'^), when the limit exists. For n 

a.e. defined function u, and 1 < p < oo, u E L^in) means (J \u\^ d^Y^^ < oo. 
For — oo < t < s < oo and x, y E M", define 
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P{y^s) is the /c-dimensional backward heat kernel which is often used throughout this paper. 

2.2. The Grassmann manifold and varifolds. Let G(n, k) be the space of fc- dimensional 
subspaces of and let A(n, k) be the space of A;- dimensional affine planes of M". For 
S G G(n, /c), we identify S with the corresponding orthogonal projection of onto S. 
Let S-^ G G(n, n — k) be the orthogonal complement of S. For two elements A and B of 
Hom (R", M"), define a scalar product A- B := trace (^4* o B) where A* is the transpose of A 
and o indicates the usual composition. The identity of Hom (M", M") is denoted by /. Let 
a (g) 6 G Hom (R", R") be the tensor product of a, 6 G R". For A G Hom (R", R") define 

\A\ := VA-A, \\A\\ := snp{\A{x)\ : x G R", |x| = 1}. 

For T ^ G{n, k), a E R" and < r < oo we define the cylinder 

C(T,a,r) :={xGR" : \T{x - a)\ < r}, C(T,r) :=C(T,0,r). 

We recall some notions related to varifold and refer to [H [23] for more details. For any open 
set U C R", define Gk{U) := U x G(n, k). A general /c-varifold in ?7 is a Radon measure on 
Gk{U). Set of all general /c- varifolds in U is denoted by Vfc(f/). For \/ G Vfe(f/), let be 
the mass measure of V, namely, 

11^11(0):= / <f){x)dV{x,S), V</>GCe(f/). 

For proper map / G C^(R";R") define as the push- forward of varifold (see yj for the 
definition). Given any 'H'' measurable countably fc-rectifiable set M (Z U with locally finite 
'H'' measure, there is a natural /c-varifold \M\ G Vfc(f/) defined by 

|M|(0):= / <j){x,Tan^M)dn'{x), \/<j) E C,{Gk{U)), 

JM 

where Tan^^M G G(n, A;) is the approximate tangent space which exists l-i^ a.e. on M. In 
this case, |||M||| = VJ'Im- We say V G \k{U) is integral if 

V{<p)= [ 4>{x,Tan^M)9{x)dn\x), V0 G ^.(^^(f/)), 

with some 'H'' measurable countably A;-rectifiable set M G U and 'H'^ a.e. integer-valued 
integrable function 6 defined on M. Note that for such varifold, G'^(||K||,x) = 6{x) G N, 
T-L'' a.e. on M. Set of all integral A;- varifolds in U is denoted by lVk{U). We say ^ is a 
unit density A;- varifold if V is integral and 6 = 1 a.e. on M, that is, V = |M|. When V is 
integral, we often write Jjj{g{x))-^ d\\V\\{x) for ^Q^fjj-^ S-^{g{x)) dV{x, S), for example, since 
there should be no ambiguity. 

2.3. First variation and generalized mean curvature. For V G Vfc(f/) let 5V be the 
first variation of V , namely, 

5V{g) := [ Vg{x) ■ SdV{x,S) 

JGkiU) 

for g E CliJJ] R""). Let ||5V^|| be the total variation when it exists, and if \\5V\\ is absolutely 
continuous with respect to ||V^||, we have for some measurable vector field /i(V, ■) 

(2.3) 5V{g) = - [ g{x)-h{V,x)d\\V\\{x). 

Ju 

The vector field h{V, ■) is called the generalized mean curvature of V. We say V is stationary 
if h{V,-) = 0, \\V\\ a.e. in U, or equivalently, 6V{g) = for all g G Ci([/;R"). For any 
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V G lVk{U) with integrable h{V, ■), Brakke's perpendicularity theorem of generahzed mean 
curvature [HI Chapter 5] says that we have 



(2.4) / igix))^-hiV,x)d\\V\\ix)= / gix) ■ h{V, x) d\\V\\{x) 
Ju Ju 

for all g G Ce(f/;M"). 

2.4. The right-hand side of MCF equation. For any V G Vk{U), u G iv2(||V||) and 
^ G Ci(t/;M+), define 

(2.5) E{V,u,4>):= /(-0(x)/i(\/,x)+V0(x))-(/i(r,x) + (M(x))^)rf||y||(x) 

Ju 

when V G IVfc(t/), is locally finite and absolutely continuous with respect to 

and /i(V, •) G L^(||\^||). Otherwise we define i3(V,M,0) = — oo. Formally, if a family of 
smooth fc-dimensional surfaces \Mt\ moves by the velocity equal to the mean curvature 
plus smooth M, then, one can check that Vt = |Mf| satisfies 

(2.6) ^^\\Vt\m<B{Vt,u,^), V0GC,i(f/;M+). 

In fact, (12.61) holds with equality. Conversely, if (12. 6p is satisfied, then one can prove that 
the velocity is equal to the mean curvature plus u. The inequality in (12. 6p allows the sudden 
loss of surface and it is the source of general non-uniqueness of Brakke's formulation. 



3. Assumptions and main result 

3.1. Assumptions. For an open set [/ C M" and < A < oo suppose that we have a 
family of /c-varifolds {Vt}o<t<A and a family of n-vector valued functions {«(■, t)}o<t<A both 
on U satisfying the followings. 

(Al) For a.e. t G [0,A), is a unit density /c-varifold. 
(A2) There exists 1 < i?i < oo such that 

(3.1) WVtWiBrix)) < Ukv'E^, \/Brix) C t/, vt G [0, A). 

(A3) Suppose 2 < j9 < oo and 2 < g < oo satisfy 

. , k 2 

(3.2) <^:=1 >0 



P Q 



and assume that u satisfies 



(3.3) \\u\\lp.^ux{o,a)) ■= \ 1^ \^J^Hx,t)fd\\Vt\\ix)] dt ] < oo. 
(A4) For all (j) e C\U x [0,A);M+) with 0(-,t) G Cl{U) and < ti < ta < A, 

(3.4) \\va{<p{-,h))-\\VtA{<P{-,h))< B{V^^ 

holds. 
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As an immediate consequence, for cf) G C^{U ; M^), we have from (13 ■4p and Cauchy-Schwarz 
inequality 

\\Vt,\m - \\vM) < \ii -<p\h\' + m\h\ + <j>\h\\u\ + m\u\ dm\dt 

(3.5) < + ^ + \u\'<P + I V0||«| dimdt 

< !u ^u-^ dm\dt + cmw.E,, ikiu..., spt 

Thus we have from (I3.5|l that 

(3.6) KV,r)eLl^m\\) 

for a.e. t e (0, A). 



3.2. Remarks on the assumptions. Before stating our main theorem, we motivate our 
assumptions. 

The setting that Brakke proved the local regularity theorem corresponds to m = case. 
We note that the weak solution he constructed in [6] satisfies (A2)-(A4) locally in space and 
time. In this special case, we may relax the assumption (A2) by, for example, 

sup \\Vt\\{U)<C, 

0<t<A 

or 

U = Br, \\Vo\\{U) < oo and spt \\Vo\\ CC U. 

The assumption (A2) (restricted for U' x {6, A) with Vf/' CC U and V5 > 0) follows from 
the parabolic monotonicity formula of Section iGTll and (13. 4p is the integral form of Brakke's 
formulation, except that we need time varying test functions. See the discussion in P, 3.5] 
for the derivation. The varifolds are also integral for a.e. time if Vq is assumed to be integral. 
With parabolic monotonicity formula it is not difficult to prove that there is an initial short 
time interval during which the varifolds remain unit density if the initial varifold Vq has 
(A2) with El close to 1. 

As we noted in Section 1, in [llj Evans-Spruck proved that almost all level set of MCF 
viscosity solution is a unit density MCF in the sense of Brakke. Thus almost all level set 
satisfies (Al)-(A4) with u = 0. 

Ilmanen [T3] proved that the singular perturbation limit of the AUen-Cahn equation is 
a rectifiable Brakke's MCF under mild conditions on initial data. In addition the second 
author proved that the limit varifolds are integral modulo division by a surface energy 
constant for a.e. time. Thus the limit varifolds arising from the Allen-Cahn equation, unless 
there are portions where higher (> 2) multiplicities occur, satisfy (Al)-(A4). We mention 
that a simple proof of [HI [25] was obtained by Sato [22] utilizing the result of Roger-Schatzle 
[20] (see also [21]) ioi k = n — 1 and n = 2, 3. 

As for u ^ case, we note first that (13.21) is dimensionally a sharp condition. A simple 
dimension analysis of natural re-scaling x = X~^x, t = A~^t and u = \u for A > shows 

1— -— - 

It is a rule of thumb that (13. 2 p is essential to successfully obtain a local regularity theorem. 
We also note that if = Vq for all t > 0, then q may be regarded as +00 and (13. 2 p 
requires p > k. Time-independence means the velocity is 0. Then we have = h{V, ■) -|- M"*" 
(see Section 10) and (13. 3 p gives h(y, ■) G Lp(||V^||) with p > k. It is the condition for the 
application of Allard's regularity theorem. 
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The existence of flow, where the velocity has additional transport term u, has been inves- 
tigated in |T7] for = n — 1, n = 2, 3. There, given an arbitrary u in Lf^^([0, oo); W^'P{T"')) 
with p > where T" is the n-dimensional torus and W^'P{T"-) = {m G Lp(T"') : Vm G 
LP{T^)}, and initial spt || Vo||, it was proved that there exists a family {Vt}t>o of {n — 1)- 
varifolds satisfying (A2)-(A4) and a.e. time integrality. u{-,t) in this case is defined as a 
trace on the support of ||V^||. The fulfillment of condition f l3.3p is not stated explicitly there, 
but can be verified using [T71 Theorem 2.1]. The unit density hypothesis (Al) is satisfied for 
at least short time [171 Theorem 2.2(c)]. Thus we can apply the present regularity theory 
to this initial short time. Unlike u = case, we are not aware of any short time existence 
result for classical solutions under low regularity assumptions on u. The extension of [17] 
for n > 3 and k = n — 1 which covers the whole range of p and q satisfying (13. 2 p is cur- 
rently under investigation with similar approach. We are unaware of any general method in 
case k < n — 1, most relevant being the approximation scheme via the parabolic Ginzburg- 
Landau equation [5] where u = 0, k = n — 2 and n > 3. Note that [5] proved that the 
limit varifold Vt corresponding to vorticity concentration is rectifiable fc-varifold moving by 
MCF in Brakke's formulation. One the other hand, one apparently does not exclude the 
possibility of non-integral varifold due to the non-trivial diffuse part of the limit measure. 

3.3. Main result. 

Definition 3.1. A point x & U (1 spt \\Vt\\ is said to be a C^''' regular point if there exists 
some open neighborhood O in M"+^ containing {x,t) such that O fl Uo<s<A(spt ||K|| x {■§}) 
is an embedded {k + 1)- dimensional manifold represented as the image of f : 0'{:= B\ x 
{t -R^,t + ^ O C M"+^ with 

\\Vf{yus,)-Vfiy2,S2)\\ ^ |/(y, - /(y, s^)! , 

sup J- r— r-j^ < OO, SUp . < OO. 

Here V is the differentiation with respect to y-variables. 

Here is the main partial regularity theorem. 

Theorem 3.2. Under the assumptions (A1)-(A4), for a.e. t G (0, A), there exists a (possibly 
empty) closed set Gt C spt \\Vt\\ with l-L^iGt) = such that spt \\Vt\\ \ Gt is a set of C^''' 
regular points. 

Theorem 13. 2l is the consequence of Theorem 18. 71 and Theorem 19.11 which are the main local 
regularity theorems. For more detailed local estimates and assumptions, see the statement 
of Theorem 18. 7[ 



4. LiPSCHITZ APPROXIMATION FOR FIXED TIME 



In this section, the main result is Proposition 14.61 which gives a graphical Lipschitz ap- 
proximation of varifold, and which is one of the essential ingredients for Theorem 15. 71 of the 
next section. The results of this section do not involve time variable. The content of this 
section corresponds to P, 5.3, 5.4]. To avoid unnecessary technical complications, we avoid 
general multiple-sheet situations discussed in [6j which are not needed for the purpose of 
this paper. 

Lemma 4.1. Corresponding to each < A < 1 there exists 7 > with the following 
property. For V G IVfc(i?_R) assume 

(4.1) e^(||v^ll,o) = i. 
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(4.2) r\\SV\\{Br) <^\\V\\{Br), <\/r < R. 
Then we have 

(4.3) II^IK^r) > Awfcr^ < Vr < i?. 

Remark 4.2. If the condition fl4.2p is replaced by \\5V\\{Br) < 7||K|| (5.^), then the well- 
known monotonicity formula [H 5.1] says r~^\\V\\{Br) expljr) is monotone increasing. The 
reason for using the weaker condition fl4.2p is to obtain a better error estimate for Lipschitz 
approximation in Proposition \4 ■ 6[ See Remark \4 ■ 9\ for further comment. 

Proof. Without loss of generality we may assume R = 1. Assume that the conclusion 
were false. Then for each m G N there exist Vm G IVfc(i?i) such that (14. ip and (14. 2 p hold 
for V = Vm and 7 = 1/m, but (14.31) does not hold. Let R^ be the supremum of r > 
such that ||\4i||(-Bs) > Xu^s^ holds for all < s < r. By (14. ip . we have Rm > 0. Since 
we are assuming the negation of (14.30 . we have Rm < 1 and (5^^^) = XukR^- Let 
Vm = (T(-Rm^))#Kn- Then we have by (14.21) and by the definition of Rm 

(4.4) WSVrnUB,) = -^JSVmWiB^J < -^WVmWiB^J = 

R'^ ^ mR'^ m 

(4.5) IlK^IK^i) = ^WVmWiBRj = uu\ 

(4.6) \\Vm\\{Bs) = -^WVmUB.Rj > \Uks\ < Vs < 1. 

By (14.41) and (14.51) and the compactness theorem of integral varifolds ([H 6.4]), there exists 
a subsequence {Kn^ } and V G IVfc(i?i) such that Vmj V in the sense of varifolds. By 
(14. 4p . V is stationary, and by (14. 6p . G spt \\V\\. From (14. 5 p and (14. 6p . we also have 

(4.7) \\V\\{Bi) = Xuk. 

By the upper- semicontinuity of density function and the integrality of V, we have B'^diyH, 0) > 
1. By the monotonicity formula of stationary varifold, we have ||l^||(i?i) > u^, which con- 
tradicts with (14.71) since A < 1. This proves (14. 3p . □ 

Lemma 4.3. Corresponding to each < A < 1 and 1 < Ei < 00, there exists 7 > with 
the following property. For V G lVk{BR) assume (14. ID . (14. 2p . 

(4.8) \\V\\{BR)<UkR'Eu 

(4.9) [ \\S-T\\dVix,S)<^\\VUBR). 
Then for any b E T with \b\ < R/2, 

(4.10) \\V\\{Br{b)) > Xookv^ R/W < Vr < R/2. 



Proof. Assume R = 1 without loss of generality. Assume that the conclusion were false. 
Then for each m G N we have a sequence Vm G IVfc(i?i), bm E T with 16^1 < 1/2 and Rm 
with 1/10 <Rm< 1/2 such that (gll]), (g^]), (gS]) and hold for 7 = 1/m and V = Vm 
but (I4.10p fails, that is, 

(4.11) \\Vm\\{BRjbm)) < XUkR'm. 



A GENERAL REGULARITY THEORY FOR WEAK MCF 



9 



Due to (14.81) and (14. 2 p we have a subsequencial limit V G lVk{Bi) which is stationary, and 
we may assume that bm E T with < 1/2 and Rm — ?■ -R* with 1/10 < -R* < 1/2. 

By (14. lip we also have 

(4.12) \\V\\{BRXh*))<>^uJkRt 
By (14.91) . we also have 

(4.13) f \\S -T\\dV{x,S) = Q. 

Since V is stationary and integral, one can show with (I4.13P that V is invariant in T- 
direction in Bi. Lemma Wl] shows that G spt thus 6* G spt ||^||. In particular we 
have 0^(||\^||, 6*) > 1. By the monotonicity formula we have ||l^||(i?R^(6=K)) > UkR^- This 
contradicts with (14.120 and we may conclude the proof. □ 

Lemma 4.4. Corresponding to 1/2 <A<1, l<Z<oo and 1 < Ei < oo, there 
exists 7 > with the following property. For V G IVfc(C(T, 3i?)), and two distinct points 
Hi, 1/2 & C{T,R), assume 



(4.14) I2/1-2/2I </|T^(yi- 2/2)1, 

(4.15) Q\\\Vly,) = 1 for z = 1,2, 

(4.16) f \\S-T\\dV{x,S)<^\\V\\{Br{y^)), < Vr < 2i?, 2 = 1, 2, 

(4.17) r\\SV\\{Br{y.)) < j\\V\\{Br{y^)), 0<Wr<2R,z = l, 2, 

(4.18) \\V\\iBr{yi)) <Ukr''Ei, < Vr < 2i?, ^ = 1, 2. 
For i = 1, 2 set fji := T^{yi) G M". Then we have 

(4.19) \\V\\{Bniyi) U ^^(^2)) > 2XukR'. 



Remark 4.5. The above Lemma resembles [H 6.2] which is one of the essential ingredients 
for graphical Lipschitz approximation needed for Allard's regularity theory. Note that the 
difference of above claim is that yi and y2 are projected points to T-*- and the two balls 
centered at these points are inside of the cylinder C{T,R). Roughly speaking, the Lemma 
claims that if there are two good points placed in vertical positions, there must be almost two 
parallel sheets inside of C{T, R) . 

Proof. Without loss of generality, we may assume R = 1. Suppose that the claim were 
false. Then we would have a sequence of G IVjt(C(T, 3)) and yi^m 7^ y2,m in C(T,1) such 
that (gUD-dHHD are satisfied with V = Vm, yi — yi.mi y2 — y2,m and 7 — l/m while (I4.19P 
does not hold, i.e., 

(4.20) \\Vm\\{Bi{yi,m) U ^1(^2,™)) < 2XuJk, 

where jji^m '■= T^{yi^rn) for i = 1, 2. For mG N, 0<s<l and i = 1, 2 set 

(4.21) Al^ := {x : dist (y^,^ - sT{yi^J,x) < s}, A'^ := Al^ U A^^^. 
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Using Ui^rn £ C{T,1), one can check that Af^ C C(T, 1). One can also see that A}^ = 
Bi{yi,m) U Bi{y2,m)- We note that 

(4.22) ]iminf ^jVJliAlJ > ^ (> A) 

for all sufficiently large m and i = 1, 2. To see this, for small s > we consider Vm,s = 
(r(s~^))#V^ and parallel translate s~^yi^rn to the origin. Such change of coordinates trans- 
forms Al^ to Bi{—T{yi^rn))- Then by Lemma IT3] with b = ~T{yi^rn), R = 2, \ there 
replaced by (A + l)/2 and f HTT^ -f HTTS]) . we obtain that ||Kn,,|| (5i(-T(?/i,„))) > for 
all large m. This shows fl4.22p after changing back to the original coordinates. Next, let Rm 
be the supremum of r such that 

(4.23) \\Vj{A'J>2XiOks'' 

holds for all < s < r. By (I4.22p . for all sufficiently large m, we have 

(4.24) hminf ^llKnll(A^) > liminf ^||K^|| (A|, J > (A + 1) > 2A. 

Thus shows that Rm > 0. On the other hand, since = Si(^i,^) U Si(^2,m), 

shows Rm < 1. In particular, by the definition of Rm, we have 

(4.25) WVmUA^-) = 2\u,Ri 

for all large m. Set Vm '■= (T(i?~^))#V"m and fji^m '■= R^yi,m- The change of variables 
t{R^) transforms Af™ to -Bi(yi,m — T{yi^m))i which we denote by Bt^m- Suppose that 
Bi^mj ni?2,mj = for some subsequence (subsequently omitting the sub-index). By 

Lemma 14.31 with the origin replaced by yi^m, b replaced by jji^m — T{yi^m) and R = 2, for 
all sufficiently large m, we may conclude that (-Bj,m) > (A + l)uJk/2. Here we have 
used (I4.15l) - fl4.18p with 7 = 1/m. After changing back to the original coordinates, we have 
WrnW (Af^m) > + l)^fc-Rm/2. Siucc wc are now assuming fl A^'m = 0, this contradicts 
with fl4.25l) . Suppose that Bi^m H i?2,m 7^ for all large m. By shifting x — )■ x — yi^m 
and re-defining Bi^m as Bi^m — yi,m for i = 1, 2, we may assume that Bi^m U -B2,m C -B4. 
We have Bi^m = Bi{-T{yi^m)) and ^2,™ = Bi{y2,m - yi,m - T(?/2,m)). We also shift Vm 
by a; — )■ X — Since ^2,m — ^i,m ^ B^ and |T(yj „j)| < 1 for i = 1, 2, there exists a 

subsequence (denoted by the same index) such that y2,m — yi,m ~^ y*, T{yi^m) h E T for 
i = 1, 2, and Vm V. We also have Bi^m U -82,^ ^ Bi{—bi) U -Bi(y* — ^2) in Hausdorff 
distance. 

Suppose T^{y^) = 0. Then limm_>.oo \T'^(y2,m — yi,m)\ = 0, and we would have by fl4.14p 
lim^^oo \yi,m - y2,m\ = 0. This implies lim^^oo \T{yi,m - l/2 ,m)| = 0, thu s we conclude that 
bi = 62, y* = and Bi{-bi) U Bi{y^ - 62) = Bi{-bi). By (l4T5D - fgT8D . Lemma lO shows 
G spt Also V is stationary integral varifold with the same condition as fl4.13p . thus 
V is invariant in T-direction on Bi{—bi) as in the proof of Lemma [4.31 By the definition of 
Rm as in fl4.23p . we have 

(4.26) ||^||({a; : dist {-sbi,x) < s}) > 2\ujkS^ 

for all < s < 1 and equality holds for s = 1. Letting s — )■ 0, due to the invariance of ||V^|| in 
T-direction and bi e T, this implies that e*=(||V"||, 0) > 2A. Also note that e^(||l^||,x) e N 
is constant in T. Since it is an integer and A > 1/2, we have G'^(||V^||, 0) > 2. Then this 
implies that e''{\\V\\, -bi) > 2 because of —bi G T. By the monotonicity formula, then, we 
have II V"|| (-Bi(— 61)) > 2cok, which contradicts with the equality of (I4.26P when s = 1. 
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Next suppose T-^iy^) ^ 0. By the same line of proof using Lemma fn| we have 0'^(||\^||, 0) > 
1 and 0^^(11^11, y*) > 1- Thus, the distinct affine planes containing —hi and — 62 respec- 
tively have positive integer multiplicities for V. This shows ||y || 61) U -Bi(j/* — &2)) > 
2a;fc. By the definition of Rm-, we on the other hand have the same quantity = 2Aa;/s, a 
contradiction. This concludes the proof. □ 

Proposition 4.6. Corresponding to 1 < Ei < 00 and < < 1, there exist < ai < 1, 
< /?! < 1 and 1 < Pi < cxo with the following property. For V G IVfc(C(T, 6-R)) which is 
finite and which is of unit density, suppose V = \M\ and identify T with M'^ x {0}. Define 



(4.27) ^"■■=1^2 \h{V,x)\'d\\V\\{xl 

(4.28) f^'--=^f \\S-TfdV{x,S). 

-tt JGk{C{T,&R)) 

Suppose that 

(4.29) \\V\\{Brix)) <ujkr^Ei, <Vr < AR, ^x e M n C{T,2R), 

(4.30) _l_||^||(C(r.2fl))<2-. 

and 

(4.31) _i_||^||(C(r. «))>.. 

Then either of the following (1) or (2) holds. 

(1) We have a> ai or P > Pi. 

(2) There exist Lipschitz maps f : T ^ ]R"~'^ and F : T ^ R"" such that 

(4.32) F(x) = (x,/(x)), WxeT, 

(4.33) \fixi)- fix2)\<\xi-X2l Vxi,Vx2,gT. 
Set X := Mn image F n C(T, R) and Y := T{X) . Then 

(4.34) miiCiT, R)\X) + C\B'^ \ F)) < | ^^^-^ +^) > 2^ 



Remark 4.7. If h(y, ■) does not exist or h{V, ■) ^ L^(||V^||), then we define a = 00 and we 
have trivially (1). Later we apply the result to Vt for a.e. time, where hiVt, ■) G L^(||Vt||). 

Remark 4.8. For k > 2, if (1) holds, we may re-define Pi sufficiently large depending on 
ai and Pi so that fl4.34p holds trivially. Thus, for k > 2, we may consider that the case (1) 
is a subset of (2), with F{x) = {x,0), for example. For k <2, if P > Pi, then we may also 
choose Pi sufficiently large similarly. Thus we may drop 'or P > Pi 'from (1). We still find 
it more convenient to write out (1) and (2) as above. 

Remark 4.9. The fact that the power 2k /{k — 2) of a is strictly larger than 2 is of essential 
importance in proving Theorem \5. 1\ and this is the reason that we work with r\\5V\\{Bj) < 
^\\V\\{Br) instead of \\6V\\{Br) < 7|| V"|| (5^), which is done in Allard's theory. 
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Proof. We may assume R = 1 without loss of generality, and we may assume that a < oo 
by Remark 14.71 Let 7 > be the smallest constant obtained in Lemma HTTII4.4I corresponding 
to 

(4-35) ^ = 1 - ^' 

/ = ^/2, and Ei as in the assumption. Let Mg C M fl C(T, 2) be the set of points y such 
that the following gSSD-dlSH]) all hold, 

(4.36) ©'(II^IU) = 1, (or equivalently, e\H''[M,y) = 1) 

(4.37) r\\5V\\{Br{y))<^\\V\\{Br{y)), < Vr < 4, 

(4.38) / \\S-TfdV{y,S)<j^V\\{Br{y)), < Vr < 4. 

JGk(Briy)) 

By Schwarz' inequality, fl4.38p implies 

(4.39) [ \\S-T\\dViy,S)<-f\\V\\iBr{y)), < Vr < 4. 

JGk(Br{y)) 

Take any x G T{Mg) C i?2- By definition there exists at least one y G Mg such that 
T{y) = X. Suppose that there are two such y, i.e., there are two distinct yi, y2 G Mg such 
that T{yi) = T(?/2) = x. Then yi, 7/2 satisfy all the assumptions of Lemma namely, we 
have I yi - 1/2 1 = \T-^{yi - y2)\, thus fHAljl is satisfied with / = a/2, and fH:T5|) - fl4A8| ) are 
satisfied with = 2 due to Km . f lOHj) . fiOT]) and (gSH]). Since B2{yi)UB2iy2) C C{T, 2), 
(14191) and shows 

(4.40) \\V\\{C{T,2)) > 2'=+Ua;fc = 2^+i{l - {iy/2^')}uk. 

This contradicts with fl4.30p . Since there is only one such y G Mg with T{y) = x, we may 
define a map / : T{Mg) M""*^ so that f{x) = T^{y). Next, for any yi y2 in Mg, if 
ll/i — I/2I < "\/2|7'"'"(?/i — 1/2)1, similar reasoning using Lemma 14.41 leads to a contradiction 
with fl4.30p . Thus we have \yi — 7/2! > V^lT-^^yi — y2)\- This shows that |/(xi) — f{x2)\ < 
X2I for all Xi, X2 G T{Mg). By Kirszbraun's theorem [121 2.10.43], we have an extension 
f : T ^ W^~^ of / with the equal Lipschitz constant. Rewrite this / as /. We then define 
F : T ^ by F{x) := {x, f{x)). 

For any y e {M n C{T, 2)) \ Mg, at least one of fO^ - fOS]) fails. The set of points for 
which fl4.36p fails is zero set with respect to "H^, thus it is zero set with respect to ||^||. Let 
X[ be the set of points for which fl4.37p fails, and let be the set of points for which (jll 



fails. We first estimate ||l^||(X(). For y G X[, either (A) there exists a sequence Rm — ^ 0, 
< Rm < 4, such that fl4.37p fails for r = Rm, or (B) there exists some < R < 4 such 
that fl4.37p holds for all < r < i? and R is the infimum of r such that f l4.37p fails. Either 
(A) or (B), there exists some < R{y) < 4 such that both 

(4.41) UkR{y)'/2<\\V\\iBn^y){y)), 

(4.42) ^\\V\\iBniy)iy)) < Riy)\\SV\\{Bniy)iy)) 

hold. The reason is that, if (A) holds, we use f l4.36p to have f l4.4ip and choose small enough 
Rm to have If (B) holds, by LemmaOwe have \\V\\{BR{y)) > {1 - {u/2^^)}ukR'' . 
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Thus choosing R{y) to be shghtly larger than R if necessary, we have both (14.411) and fl4.42p 
satisfied. By Holder's inequality applied to (14.421) . we have 



(4.43) l'\\V\\{B^^y){y)) < R{yf [ \h{V, ■)\' d\\V\\. 

Using fOTD and fOHjl . we obtain 



(4.44) {^y2)u,R{y)'-'< / \h{V, ■)\' d\\V\\. 

Consider the case k <2. Since y G C(T, 2) and R{y) < 4, we have Bjn^y^iy) C C(T, 6) and 
we have from KTJ\ and fj^lD 

(4.45) > /2)uj,R{yf-^ > {jy2'-'')u,. 

If < (7^/2^~^'^)(X'fc and X[ ^ 0, we would obtain a contradiction. We set a\ so that 
'^1 < (7^/2^~^^)tc;fc. Then, either we have a > ai, or else a < a\ and X[ = 0. Thus for 
k < 2 and for the former case, we may end the proof, with case (1). For the rest of the 
proof, for k < 2, assume that a < ai. Next consider k > 2. From (I4.45p . we have 

(4.46) R{yf < (2aV'wfc')^- 
Substituting fOHD into fl443D gives 



(4.47) \\V\\{Bn^y){y)) <r'{2a'rW)^^ / \h{V, d\\V\\. 

From (14.471) . we may choose R'{y) < R{y) such that 



(4.48) ||V||(S«,(,)(|/)) <7-^(2«VW)^ / \h{V,-)\'d\\V\\. 

Thus the Besicovitch covering theorem with (14.481) implies that 

(4.49) \\V\\{X[) <B{n)-f'\2a^^-^uj;^)— / \h{V, ■)\^ d\\V\\ = B{n)^—u^-' a— . 

Here B(n) is the Besicovitch constant which depends only on n. For the estimate of || V"|| {X2) 
(both k < 2 and k > 2), the Besicovitch covering theorem and (14.281) imply that 

(4.50) \\V\\iX',)<B{n)r'P'. 
Combining (I4.49P and (l4.5Up . we obtain 



-2k ^ 2k 

(4.51) \\VUCiT,2)\M,)<{ BH(7^a;ra--+7-W, k>2 

\^ B(n)7 "^p"', k <2. 

Next we estimate 'H^{B\\T{Mg)). The set B\\T{Mg) may be regarded as a 'hole of ||l^||' 
and we need to estimate the size in terms of a and /3. First we claim that T{Mg) fl B^ ^ 0. 
Otherwise, C(T, 1) fl = 0. From fOTD . we have 

(4.52) uuk < \\V\\iCiT,l)) < \\V\\iCiT,2)\Mg). 

By (I4.5ip . if we restrict a and /3 small depending only on n, k, Ei and z/, we would have 
a contradiction to (14.520 . Thus we either have a > ai or /3 > where ai and /3i depend 
only on n, fc, £"1 and z/, or we have T{Mg) fl 7^ 0. The former case corresponds to the 
case (1) of the conclusion. We assume for the rest of the proof that a < ai and /3 < f3i. 
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Thus we have some x G Mg (1 C{T, 1). By Lemma [4.31 with the origin there replaced by x, 
b there replaced by T-*- (x) and -R = 4, we conclude that 

^4 (1 - ^)2'^k < \\V\\{B,{T\x))) < ||1^||(C(T,2)) 

= 11^11 (C(T, 2) n M,) + ll^ll (C(T, 2) \ M,). 
On the other hand, since Mg is a Lipschitz graph, 

||V||(C(r,2)nM,) = / lAkVFldH" 

JT{Mg) 

< [ {l + c{n,k)\\imageVF -Tf)dn'' 
(4.54) Jt{m,) 



<n\T{Mg)) + c{n,k) [ \\S -TfdV{x,S) 



Gk{C(T,2)) 

= 2^uJk - U\Bl \ T{Mg)) + c(n, k)[5\ 
Combining fl4.53p and (14. 54 p . we obtain 

(4.55) H\B', \ T{Mg)) < ^a;, + c(n, k)/3' + \\V\\ {C{T, 2) \ Mg). 
The estimates (14.511) and (I4.55P show that 

(4.56) nHBl\TiMg))<^uj, 

holds by further restricting ai and (3i if necessary depending on 1 — z/ and k. We set 
Qi = El \ T{Mg) and Q2 = \ T{Mg). For any Lebesgue point x e Qi oi Q2, due to 
(14.561) . there exists < r(x) < 1 such that 

(4.57) ?^'=(Q2ni?,%)(x)) = la;,r(x)^ 

By the Besicovitch covering theorem, there exists a set of mutually disjoint balls {Br(x,){xi)}i^i 
(J : a finite set or N) such that Xi G Qi and, denoting U = Lli^iBr(xi){xi), 

(4.58) n'^iQi) < B{k)'H\U). 
We also estimate just like (I4.54p that 

\\V\\{T~\U)) < C\T{Mg) nU) + c{n, k)/3' + \\V\\{C{T, 2) \ Mg) 

= n\U)-n\Q2nU) + cin,k)P''+\\V\\{CiT,2)\Mg). 

To obtain a lower bound for (14.591) . note that (I4.57P guarantees that there exists i/i G 
Mg n C(T, 2) for each i G / such that T{yi) G B^(^.)/2{^i)- Then Lemma with the origin 
there replaced by yi, b there replaced by Xi + T^{yi) (so that yi — xi — T^{yi) G T) and 
R = 2r{xi), we conclude that 

(4.60) (1 - ^)uj,rix,)' < \\Vm^xd^, + T^iy,))) < \\V\\{T-\B^^,^)ix,))). 
Then summing over i ^ I, and (I4.59P and (I4.60p show that 

(4.61) n'{Q2 nU)< ^^H\U) + c(n, k)P^ + \\V\\ {C{T, 2) \ Mg). 
By flT57p . we have 

(4.62) ^n'{U)='H\Q2nU), 
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and combining fl4.6ip and fl4.62p . we obtain 

(4.63) (1 - ^,)'H'{U) < c{n, k)(5' + \\V\\ {C{T, 2) \ M,). 
Tlius fH3g]) and fITO]) give 

(4.64) n'iQ^) < B(fc)(l - ^)-\c{n,k)P' + \\V\\{C{T,2) \ M,)). 

Finally, setting X = M n image Fn C(T, 1) and Y = T{X), we note that C(T, 1) nMg C X, 
\\V\\{CiT,l)\X) < \\V\\iCiT,2)\Mg), B'l\Y C Bl\T{Mg) = Q^. Thus (gSH) and (gSl 
give the desired estimate fl4.34p for a suitable choice of Pi. □ 



5. Energy estimates 



The aim of this section is to prove Theorem 15.71 which claims that the deviation of k- 
dimensional area of moving varifold from that of flat fc- dimensional plane can be estimated 
in terms of L^-height. In Allard's regularity theory, the analogy of this part may be the 
estimate of tilt-excess in terms of L^-height. However, compared to Allard's theory, the 
proof is more involved. All we have control is the rate of change of mass in time. The idea is 
that when the deviation is large, the mean curvature is relatively large. This helps pushing 
down the mass more quickly, and the mass becomes very close to that of flat plane in finite 
time. The set of estimates in this section is a crucial foundation for parabolic Lipschitz 
approximation and blow-up technique. The content corresponds to [6, 6.6 'Popping soap 
films'] even though the details have been largely changed and various alterations are made. 
Some of the results used are relegated to Appendix for convenience of the readers. 

Definition 5.1. Fix (p e C~([0, oo)) such that < < 1, 

r =1 /or < a; < (2/3) 

(5.1) (t){x) I > /or < X < (5/6)l/^ 

[ = for x> (5/6)1/^ 

For < < oo, X G M" and T G G(n, k) define 

(5.2) 0T,i?(x) := {R-^\T{x)\) , 0t(x) := 0t,i(x) = 0(|T(x)|). 
Set 

(5.3) c = j (t)l{x)dH^{x). 

In the next Proposition, we use 
(5.4) 

which follows easily from (15. ip . 

Proposition 5.2. Corresponding to 1 < Ei < oo and < < 1 there exist < 0:2 < 1, 
< yUi < 1 and 1 < P2 < 00 with the following property. For V G IVfc(C(T, 1)) which is 
finite and which is of unit density with V = \M\ and for T G G{n, k), define 

(5.5) a^:= [ \h{V, x)\^(f)l{x) d\\V\\{x), 

Jc{T,l) 

(5.6) /x2:=/ \T\x)\'d\\V\\ix). 

JC(T,1) 



-Uk <C< -Uk 

3 6 
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Suppose 

(5.7) \\VUBr{x)) < UkT^E^, VBrix) C C{T, 1). 
(A) Suppose 

(5.8) |||1^||(0|) -c| < ^, a < a2 and < fii. 

o 

Then we have 



2 N I ^ J P2iak-2 + + if k>2, 



(5.9) I|1^II(0t)-c < 



3 1 



P2{a-^ + ^^^) ifk<2. 



(B) Suppose 



c 



(5.10) - < |||l^||(0|) - c| < (1 - z/)c and < /ii. 

8 

r/ien we /iave a > 
Proof. First consider case (A). Define 

(5.11) 13^ := f \\S -T\\^(j)^j.dV{-,S). 

JGkiCiT,!)) 

By Proposition 111.31 with Ri = 1/12 and R2 = 1, we have 

(5.12) 12l|V^||(4i/i2) - 11^11(4) > -12\kpHogl2 + aP + p'). 
Since 0t,i/i2 < 1 and by fl5.8l) . fl5.12p and fl5.4l) . we have 

(5.13) 12'=|| V||(C(r, 1/12)) > - cik)ia(3 + Z^^) > ^co^ - c(fc)(«/3 + (3^). 
By restricting a and (3 depending only on k, (15.131) guarantees that 

(5.14) \\V\\{C{T,l/12))>lco,^. 

Similarly for Ri = (3/2)^/'^/6 and R2 = 1, Proposition 111.31 gives 

(5.15) Ri'WVim^nJ - \\V\\{<f>l) < R^\kpHogRi' + a/3 + p'). 
By dSl]), we have = 1} 3 C{T, 1/6). Thus fl57[5D . flHISjl and (El give 

(5.16) V||(C(r, 1/6)) < c{k)i(3^ + a(3) + < c(A;)(/32 + «/?) + l^o;,. 

8 16 

With the definition of Ri and (I5.16p . we have 

45 1 

(5.17) \\V\\iC{T, 1/6)) < c(A:)(/3^ + a/3) + --^u,. 

Since 45/32 < 3/2, by restricting a and (3 depending only on /c, we have from (I5.17P 

(5.18) \\V\\{C{TMQ))<\uj,^^. 

We now use Proposition gH with R = 1/12 and u = 1/2. Due to ([52D, fl5A4|) and f l538|) , 
the assumptions (I4.29p . (I4.30p and (I4.3ip are satisfied. The smallness of a and (3 in (I4.27P 
and (I4.28P can be guaranteed by assuming a and /3 in (15. 5 p and (15. lip are small due to 
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C{T, 1/2) C {</)t = !}• Thus there exists a Lipschitz function F : T — )■ and Pi (which is 
a suitable multiple of Pi by a constant depending only on k) such that 

t^""^^^'^ iffc?2 

Here X = C{T, 1/12) fl M fl image P and Y = T{X). By using this approximation, we 
estimate as 

(5.20) / cPl^^^^d\\V\\= [ 4i/i2^ll^ll+ / 4i/i2|AfcVP|dH^ 

JC{T,1/12) Jc{T,l/12)\X Jy 

The first term on the right-hand side of f l5.20p is bounded by f l5.19p . The error of replacing 
Y by Pi/12 for the second term is also bounded similarly. Just like estimating f l4.54p . we 
may obtain 



(5.21) 



JC{T,1/12) Jt 



< 



Pi{a^ +(3^) if A; > 2, 
Pi/3^ if A; < 2. 



where Pi may differ from before only by a multiple of constant depending only on n and k. 
We now apply Proposition 111.31 again. Observing that 12^^ It 1/12 '^^'^ ~ ^ t)y fl5.2ip . 
yet with another Pi, we obtain 

Pi «-+/3 +a/3) if A;>2, 
Pi(/32 + a/3) ifA;<2. 

Finally, with Proposition lll.2[ we have 

(5.23) < 4a/i + c{(^)[i^ and /3 < la^ii^ + c(<^)/i 

where c(0) > 1 depends only on sup |0'| which we may consider to be constant. Thus with 
suitable restrictions on a and /3 is considered small. By Young's inequality, we also have 
a[i < c(a^/^/i^/^ + /i^) and this combined with f l5.22p and f l5.23p proves (15. 9p with suitable 
choices of P2, 02 and /ii. 

For case (B), assume the claim were false. Then for each m G N there exists Vm = \Mm\ 
satisfying fl5.10p with V there replaced by Vm, while 

(5.24) /i^:=/ \T^ix)\^d\\V„M<-, find al:= [ d\\Vj < -. 

JC{T,1) ^ Jc{T,l) ^ 

By Proposition lll.2[ we also have the corresponding f3m — ^ 0. By (15. 7p . there exists a 
convergent subsequence (denoted by the same index) {Vm} and its limit V on C(T, 1). By 
fl5.24p . on {(pT > 0}, V is stationary and integral. Since the corresponding (3 and /i for 
V vanishes, ^L{</'t>o}= fl C(T, 1)| for some integer i. On the other hand, V satisfies 
fl5.10p (with possible < sign on the left-hand side). But there is no such integer satisfying 
c/8 < \ic — c| < (1 — z/)c. Hence we obtain a contradiction and we may conclude the proof 
by choosing smaller fii and 0:2 from (A) and (B). □ 



Corollary 5.3. Let 0,2, /ii and P2 he the same constants as in Proposition \5.2i Set ^2 = 
min{/ii, (c/32P2)^/^}. For V and T as in Proposition \5.2\ define a and jj as in (15. 5 p and 
Define 

(5.25) P := ||V||(0|) -c. 
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Assume {\5.7\i . 

(5.26) /X < /i2 

and 

(5.27) 2P2fx^ < \E\ < (1 - i^)c. 



Then we have 
(5.28) > 



mill ial {AP2)-^\E\^, (4P2)"^/i'^|^|^} if k > 2, 
mill ja^^ (2P2)"^/U"^|^|^} if k < 2. 



Remark 5.4. A^ote that the mean curvature square term o? gives a lower bound for the 
rate of mass decrease, and Corollaru \5.3\ relates that to the mass itself. This allows one to 
introduce a differential inequality for the mass, see Lemma \5. 51 

Proof. We only prove the case k > 2 since k < 2 can be handled similarly. If a > 0^2, 
then we obtain fl5.28p trivially. Thus assume a < a^. The case (B) of Proposition 15.2! do 
not occur under this assumption. The assumptions for Proposition 15. 2[ (15. 7p and (15. Sp . are 
all satisfied due to (I5.25p . (I5.26P and (I5.27p . Then we have 

(5.29) \E\<P2[a^^^a^^^^[i^). 
By ^^in\ and dSSHD we conclude that 

(5.30) |E| < 2P2(a^ +at/i5). 



The inequality flOOj) implies that we have either \E\ < 4P2a^^/(''"^) or \E\ < AP2a^^^n^^^. 
Thus we have 

(5.31) (4P2)-^|E|^ < or {4:P2)'I ^l'^E\l < a^. 

Thus either > a\ or (153T|) holds. This shows (lOHj) . □ 

Lemma 5.5. Corresponding to < P < 00, < Ki < 00 there exists < A < 00 with the 
following property. Given fi^: with < fi^, < 1, define f^^ : M — > M.^ by 

I fc-2 



Pmin{l, |t| fc , /i^, ^ |t|3} for k > 2, 
Pmin{l, /i* ^l^l^} for k < 2. 



(5.32) f^,{t) = 
Suppose $ : [0, A] — 7- M satisfies 

(5.33) <l>(t2) - Hh) < - r /^.($(s)) ds, < Vti < Vt2 < A. 

(1) Suppose $(0) < cjfc. Then we have 

(5.34) <|.(A) < K^iil 

(2) Suppose $(0) < —Kifil. Then we have 

(5.35) $(A) < -Uk. 



Remark 5.6. The point of Lemma \57R is that A does not depend on /i^,. 
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Proof. Consider the case k > 2 and (1). We set 
(5-36) A = —f^ + ^ + r- 

Since $ is monotone decreasing, we may assume $ > on [0,A] for the conclusion. We 
have from fl5.32p 

{P for 1 < $(s), 

P^s)"^ for /ip < < 1, 
2 2fc 
P/i;^$(s)t for < < /i,^. 

Suppose that 1 < $ < on [0,t]. Then (OH]) and (E3ZD show that t < (wfc - I) /P. 
Suppose that 1 > $ > /if on [i,t^]. From f05]) and flOTj) . we have $' < -P$('^-2)/'= 
a.e. on Integrating over the interval gives 

2 ~ 2 2P 

(5.38) <l>(t*)^ < <l>(t)^ - —{U - i). 

rC 



Since <l>(t) < 1 and $ > 0, f lOS]) shows that U - i < k/{2P). Thus there exists t G 
[0,fc/(2P) + (wfc - 1)/P) such that < iif'^^^^\ From f05]) and (107|) . we have 

$' < —Pjij, ^^^$'*/'^ a.e. on [t, A]. Integrating over the interval gives 

(5.39) $(A)-^ > <l>(t)~^ + ^P/i;^(A - i). 

Thus we obtain from (^M) that $(A) < 27filP-'\A-i)-^. By (OBD . this shows (Olj) for 
/c > 2. For (2), define $(t) = -$(A - 1) for t e [0, A]. Then one can check that $ satisfies 
fl533D . By the first part of the proof, if $(0) < Uk, then 4>(A) < Kifil This shows flOHD . 
The proof for A; < 2 is similar and is omitted. □ 

Theorem 5.7. Corresponding to 1 < Pi < oo and < z/ < 1 t/iere exzst < < 1, 
< A < oo and < K < oo with the following property. For U = C(T, 1) suppose 
{Vt}o<t<2A+3 and {u{-,t)}o<t<2A+3 satisfy (A1)-(A4). Assume 

(5.40) < 3C < cx) : spt \\Vt\\ C C{T, 1) n {x : \T^{x)\ <C}, < Vt < 2A + 3, 

(5.41) /x^= sup / \T^{x)\'dm\{x)<el, 

0<t<2A+3 Jc{T,l) 

(5.42) < 3£i < 1 : H^JK^I) < c(2 - z/), 

(5.43) 2A + 2 < 3^2 < 2A + 3 : \\Vi^ \\ (0|) > cu, 

/•2A+3 

(5.44) C{u):= / 2|u|VT^^||^tlMi < 



c(r,i) 



r/ien, we have 



(5.45) sup |||l^i||(4)-c| <K(/x2 + C(m)) 

1+A<t<2+A 



and 



r2+A p 

(5.46) / / \h{Vt,-)WTdm\dt<12K{fil + C{u)). 

Jl+A Jc(T,l) 
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Remark 5.8. Imprecise but helpful picture to keep in mind is to regard the moving varifold 
\\Vt\\ as a hypersurface graph (restricting to n = k + 1 case) y = f{x,t) with moving domain 
B{t) C -Bf, with some extra pieces around. Assume C{u) = 0, since it is a perturbative 
term, and think (px as a characteristic function of C(T,1). Assumption f l5.4ip says that 
spatial L'^-norm J^^^-^ \ f{-,t)\'^dx is kept small uniformly for the whole time interval. fl5.42p 

says that near the initial time, J^^^^ a/1 + |V/P dx — ujk plus area of some other pieces is 
strictly less than ujk, preventing the situation where two flat sheets remaining still. fl5.43p 
says that near the final time, there is some fixed amount of mass inside the cylinder. This 
prevents the complete loss of varifold in the intermediate time. The conclusion fl5.45p gives 
the energy bound in the following sense. By Taylor expansion, we may postulate that 

[ ^/l + WWdx -Uk^ [ dx + {C\B{t)) - Uk). 

JB{t) JB{t) ^ 

Thus, roughly speaking, fl5.45p gives a uniform in time Dirichlet energy bound of the graph 
in terms of B^ -norm of f . Since the mean curvature is analogous to the Laplacian of f , 
fl5.46p gives a second derivative B^-norm (space-time) bound in terms of the B^-norm of f . 
In the next section we prove that fxl can be estimated in terms of the space-time B^-norm of 

Proof. We prove the case k > 2. The proof for < 2 is similar. We set 

(5.47) K2 := 8Osup(5|V0t|V?^ + IVIV^tIH, 

which is a constant depending only on k. By Proposition 15.21 and Corollary 15.31 correspond- 
ing to El of assumption (A2) and u there replaced by z//2, we choose and fix 02, ^2 and P2- 
We then set 

(5.48) P := ^-l^min{a2, (AP^y'^, m)"^}- 
With this P and 

(5.49) Ki := 2P2, 
we use Lemma [5.51 to fix A. We then choose 

(5.50) el := min |i^2-'(3 + 2A)-'y , — , l^jj 
and 

(5.51) K := max{2, 4P2, 2is:2(2A + 3)}. 

Overall, note that all those constants are fixed depending only on n, k, Ei and z/. We prove 
the claim with the constants defined above. 

Define 



(5.52) E{t) := \\Vt\\{(j)l) - c - [ [ 2\u\^(f)ld\\Vs\\ds - K2filt. 

Jo Jc{T,l) 

We first prove that 



1 



t2 



(5.53) E{t2) ~ E{ti) < I / \h{Vt,-)\'^(f)'^d\\Vt\\dt, <yti <\/t2 <2A + 3. 

4 Jti Jc{T,i) 

The assumption f l5.40p and (A2) show that || (spt 0t) is uniformly bounded in t. By (Al), 
(A3) and OM]), for a.e. t, we have Vt G IVfc(t/), h{Vt, ■) G LW\Vt\\) and u{-, t) e LW\Vt\\). 
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At such time t, by (12. 5p and the perpendicularity of mean curvature fl2.4p . we have (omitting 
t dependence for simphcity) 



(5.54) S(V,M,0|)< / -\h\^4>'^T + (PtMu\ + \u^ -^(^11 + (y^r)^ ■ hd\\V\\. 



'u 

Since 0t depends only on |T(x)|, V0t £ T. Thus the last term of (I5.54p is 



(5.55) 

Similarly, 

(5.56) 



[ 2^tS^{V^t) ■ hdV = [ 2(Pt{T - S){V^t) ■ hdV 

<- f \h\'ct>ld\\V\\+A I \Vct>T?\\S-TrdV. 
^ Ju Jgi.(u) 



I \u^ ■V(t)l\d\\V\\= [ 2(j)T\iT - S){u) -VcprldV 

< [ / \V^T\'\\S-TfdV. 



'Gk{U) 

To estimate the last term of ( I5.55p and (I5.56P we slightly modify the proof of Lemma 111.21 
and obtain 



(5.57) 



\Vct>T?\\S-TrdV<A[ / c^l\h\'d\\V\\ / \T\x)\^\Vc^T\'rT'd\\V\\ 

Gk{U) \Ju Ju 



+ 16 / \T^{x)\'\V\V<j>T\\'d\\V\\. 
Ju 

Combining f l5.54p -( ]537|l . we obtain 

(5.58) BiV,u, 4) < / + 2|m|Vt + 8O|T^(x)P(5|V0t| Vr' + iVlV^rlT) d\\V\\. 

Ju 4 

Since Vt satisfies (A4), integrating f l5.58p over [^1,^2] and using fl5.4ip and fl5.47p . we obtain 
(15331) . Next, by flSll^j) and f l533|) . we have for any t G [h, 2 A + 3] 

(5.59) E{t) < E{ii) < c(l - u). 
Due to dSHD, flCTj) and fl530D . (I539|) shows 

(5.60) ||T4||(0|)-c<c(l-z/)+2x — = c(l-i//2), £1 < Vt < 2A + 3. 
Similarly, due to fl5.43p and (15. 53 p . we have 

uc 

(5.61) E{t) > E{t2) > c(z/ - 1) - 2 X — = c(-l + u/2) 
and 

(5.62) ||Vj(0|)_c>c(-l + z//2) 

for all t G [0, t2]- To obtain a contradiction assume that there exists G [A + 1, A + 2] with 

(5.63) \\VtM<pT)-c>K{fxl + Ciu)). 
By fl532|) . flCTj) and flCTj) . f l533|) implies that for all t G [0,t*], 

||^t||(0T) - c > ^(t) > E{Q > Kifil + C{u)) - C{u) - ir2yU^(A + 3) 

(5.64) K 2 
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By fl5.60p and fl5.64p . we may apply Corollary 15.31 for a.e. t E to obtain 

(5.65) / \h{Vt,-)\^<pTd\\Vt\\ >4Pmm{l, Eit)"^, fi:^E{t)l}, 

Jc{T,l) 

where we also used f l5.48p . f l5.4ip and ||Vt||(0^) — c > E{t). We then use Lemma 1531 With 
$(t) = E{t + ii), we have $(0) < c(l -u) < Uk and (15^ is satisfied on [0, A] due to (jST 



and f l5.65p . We thus conclude that E{A + ii) < 2P2fxl. On the other hand, from fl5.64p 
and A + ti E [0,t^:], we have E{A + ti) > 2P2/^*5 which is a contradiction. Similarly, for a 
contradiction, assume that there exists G [A + 1, A + 2] with 

(5.66) llv,Ml)-c <-K{f,l + C{u)). 

Similar computations to f l5.64p using ( I5.52p . (I5.53p . f l5.5ip and (I5.66P show 

(5.67) 

WVMt) - c < E{t) + Ciu) + K2fxl{2A + 3) < E{Q + C(n) + K2fxl{2A + 3) 

< \\VMl) - c + Ciu) + K2fili2A + 3) < -^ifil + Ciu)) < -2P2fil 
for t e [t,, 2A + 3]. Thus, by (Km . (KEY} and (Km . Corollary |53] shows 

(5.68) / \hiVt,-)\''<f)^Td\\Vt\\ >A-2^/'Pmm{l, |||K||(0t) - cl"^, /i^^Hl^tlK^T) - c|^} 

Jc(T,l) 

for a.e. t G [^,^2]- Since |||Ft||(0|) - c| > Ki^l + C(m))/2 as in (KET^ . we have by (ICT]) 

(5.69) \Eit)\ < |||Fi||(0|) - c| + Ciu) + K2i^li2A + 3) < 2\\\Vt\\i(j)l) - c|. 
Combining f l5.68p and fl5.69p . we obtain 

(5.70) / \hiVt, ■)\'(P'Td\\Vt\\ > 4Pmin{l, [^(t)!"^, fif^\Eit)\l}. 

JC{T,1) 

Then applying Lemma [575| we obtain Eit^, + A) < —Uk- Since t* + A G [0, 2 + 2A], this is a 
contradiction to fl5.6ip . Lastly one observes that (15.531) . fl5.52p and (15.451) show (I5.46p . □ 

For parabolic Lipschitz approximation, we also need the following estimate. 



Corollary 5.9. Under the same assumptions of Theorem 5/7, there exists a constant K 
depending only on Ei and v such that 

(5.71) \2''\\Vt\\i(l)ly2)-c\dt<kifil + Ciu)). 

Jl+A 



Proof. By Lemma [11.21 (I5.4ip and (I5.46p . we have 
(5.72) / / \\S -Tf<j)ldVti-,S)dt<4il2Kii2l + Ciu)))^/^l2, + cik)fil 

Jl+A JGk(C{T,l)) 

Then the difference of ||V"||(0|.) and 2^|| V|| (0|, -,^^2) can be estimated using Theorem 111.31 
and Km . This gives KTDf . ' □ 
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6. Parabolic monotonicity formula and L'^-L°° estimate 

In this section we prove two important tools which are used in the subsequent sections. 
They are both derived by modifying the monotonicity formula due to Huisken [13]. Note 
that Brakke did not utilize these powerful tools since it was not known at the time. He 
instead used a certain vanishing theorem [51, 6.3. 'Clearing out'] to obtain a uniform L°° 
estimate of the height of varifold. 

6.1. Local monotonicity formula. In this subsection, let t] G C^(Si4/i5) be a non- 
negative radially symmetric function such that = 1 on Bi^/i^, |V?7| < 15 and HV^r^H < 
c{n). Then define p(^y^s){x,t) = ri{x)p(^y^s){x,t), where p(^y^s){x,t) is defined as in fl2.2l) . 

Lemma 6.1. There exists ci = ci{n,k) with the following property. For < s < t < oo, 

X G Bi, y G -B4/5 and S G G{n, k), we have 



(6.1) 



at ' -^'^.^i-,^. ' PM{^,t) 



<Ci. 



Proof. Here we write p for p(^y^s){x,t) and p for p(^y^s){x,t). First assume that x G 5i3/i5 
so that the derivatives of rj are and p = p in the neighborhood. We have 

dp f k \x — ul"^ \ ^ x~y ^ 

dt^ V2(^-^) ~4(s-t)2y)^' '2{s-t/' 

Since S ■ I = k, S ■ {x — y) {x — y) = \S{x — y)p and \S-^{x — + \S{x — = |x — yp, 

-TT + S- V^p + \ = 0. 

ot p 

When a; G -Bi\i?i3/i5, \x—y\ > ^. The similar computation in this case produces extra terms 
which involves V?7 and V^r^. Since they are multiplied by exp ^— ^^~^[-^ j < exp (^~ 9oo(s_f) j > 
there exists some constant Ci = Ci{n, k) satisfying the desired estimate. □ 

Proposition 6.2. For U = Br, < A < 00 and 1 < i^i < 00 suppose that {^t}o<t<A one? 
{M(-,t)}o<t<A satisfy (A1)-(A4). Define p(y^s){x,t) = r]{x/R)p(y^s){x,t) . For < ti < t2 < 
A, t2 < s and y G -84^/5, we have 



P{y,s)i-,t2)d\\VtJ- / p(y,s)i-,ti)d\\Vt,\\ 
(6.2) JBr 

l_l 

< C2||?^||ip,,(iJ^x(ti,t2))^l ^ {t2 - tiY + CiUJkEiR-'^{t2 - ti). 

Here C2 = C2{k,p, q) and ^ = 1 — k/p — 2/q. 

Proof. After a change of coordinates we may assume R = 1 without loss of generality. We 
compute for a.e. t G (^1,^2) (when Vt is integral and hiVt, ■) G L^(||\4||) by (Al) and f l3.6p ) 
and t < s using the definition fl2.5p as 



-B(l^i,M(-,t),p(-,t))= / {-hp + Wp)-{h + u' 

(6.3) 

-\h\'^p + 2Vp-h + u^ ■ {-hp + Vp) - Vp-hd\\Vt\ 



Bi 
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We then complete the square by adding and subtracting KVp)"*"!^//?. Due to the perpendic- 
ularity of mean curvature fl2.4p . we have for a.e. h ■ Vp = h ■ (Vp)"*". We then continue 
the computation of fl6.3p as 



(6.4) 









P 



+ 



l(Vp) 



±12 



+ u ■ {-hp + (Vp)^) + S ■ V^pd\\Vt\ 



By the Cauchy-Schwarz inequality applied to the third term of (16 ■4p . we obtain 

l(Vp)^'^ 



(6.5) 



< 



P 



+ \u\'p + S-V'pd\\Vt\ 



Substituting (16. 5p into (13.41) and using (13. ip and (16. ip . we obtain 



(6.6) 



p{;t)d\\Vt\ 



t2 



< 



t=ti 



\u\'^ p d\\Vt\\ + CiUkEi ) dt. 



For the first term of (16.60 . by the Holder inequality, we have 



(6.7) 



t2 

1- 



uYpd\\Vt\\dt < 

t2 



\u\Ppd\\Vt\ 



Bi 

u\Pd\\Vt\ 



pd\\Vt\ 



dt 



dt. 



'h (47r(s - t))p \JBi 

We used (13. ip in the last line of (16. 7p . Again using the Holder inequality, (16. 7p may be 



estimated as 



(6.^ 



< 



< IImI 



t2 



Hd\\Vt\ 



Bi 



dt 



t2 



kq 



q-2 
« 1- 



k 1- 



LP.'?(Bix(ti,t2)) 



(47r)"pEi 



{A'K{s-t)Y^^) dt ] " 
kq 



p{q - 2) 



1 _ fcg 



t2 



q~2 



Here we used (13. 2 p for the integrability with respect to t. Since (s — tiY p^^^ — (s — 

kq -j^ kq 

tg) p(9-2) < (^f^ _ f^'^ p(q-2) ^ setting C2 = C2{k,p, q), we obtain (16. 2p . □ 

Corollary 6.3. Corresponding to 1 < Ei < oo, p and q, there exist < Cis < 1 and 
< Ci9 < 1 with the following property. Suppose {Vt}o<t<A and {«(■, t)}o<i<A satisfy (Al)- 
(A4) and assume Bn^a) x {t,t + ci^Ft') CC U x (0,A). In addition assume 

(6.9) -R^ II M II LP.9(iJ^ (a) x(t,t+ci8ij2)) < 1, ||Vi||(5i4ij/i5(a)) < Cigi?''. 

Then we have \\Vt+cisRA\{BiR/^{o)) = 0. 

Proof. After a change of variables, we may assume R = 1, t = and a = 0. First By 
Proposition 16.21 with ^2 = Cis to be chosen, s = t2 + e and ti = 0, we have for any y G -B4/5 

t2 



(6.10) 



Bi 



P{y,t2+e){-,t)d\\Vt\ 



< C2\\u\ 



1-^ 



i=0 



LP''J(Bix(0,t2)) 



El nl + CiUJkEit2. 



Here e > is arbitrary. Since p has support in -B14/15 and < 1, and by (16. 9p and (16.101) . 
we have 



(6.11) 



Bi 



hyM+e)i-M)d\\Vt2\\ < (47rt2)~'^/'ci9 + 02^; ni + c^UkE^t2. 
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Suppose that Vt^ is unit density, and assume for a contradiction that || V^2ll(-^4/5) > 0- Then 
there exists some y G -B4/5 such that ©'^(H V^all) 1/) = 1 one can show that 

(6.12) hni / p(,,,,+,)(-,t2)f/||V^t,|| = l. 

'^^^ JBi 

Combining f l6.1ip and f l6.12p . if we choose ^2 = Cis appropriately small and then choose Cig 
small depending only on Ei, p, q, we obtain a contradiction. If Vt^ is not unit density, we 
may find a sequence limm^-oo = ^2 with < ^2 such that Vt^ is unit density by (Al). 
Then the previous argument shows that || || (54/5) = for all large m. By f l3.4p . we may 
conclude that ||^t2||(S4/5) = 0. □ 



6.2. L^-L°° estimate. Proposition 16.41 gives bound of the height of varifold away from 
T in terms of space-time L^-height plus some perturbative term. This has been already 
observed by Ecker [5] in a smooth setting for mean curvature flow while we are unaware 
of other applications in the setting of geometric measure theory. The result bridges space- 
time L^-height smallness and time-uniform L^-height smallness, the latter being a necessary 
condition for Theorem 15.71 Also L°° estimate makes a good use in the blow-up analysis of 
Section 13 

Proposition 6.4. For U = Br, B? < K < 00 and 1 < i^i < 00 suppose that {Vi}o<t<A 
and t)}o<t<A satisfy (A1)-(A4)- Then there exists a constant C3 = C3{n,k) with the 
following property. For T G G(n, k) set 

(6.13) /x^ :=^^£ |T^(a;)rrf||\4||dt + C2||w||L„(5,,(o,A))i?r'A^(2 + A/i?2). 
Then for all t G (i?^/5. A) we have 

(6.14) spt \\Vt\\ n B,R/5 C {\T^ix)\ < fxB}. 



Proof. Without loss of generality we may assume B = 1 and redefine A as A/i?^. In the 
proof let rj G C°°{Bi x (0, A)) be a non-negative function with 77 = 1 on -B13/15 x [2/15, A), 
ri = on {Bix (0, A)) \ {Bu/15 x [1/15, A)), < < 1 and |V7y|, \\V^ri\\, if?! < c{n). For 
{y,s) G -B4/5 X (1/5,00), we use 4>{x,t) = \T-^{x)\'^p(^y^s){x,t)r]{x,t) in (13. 4p . over the time 
interval ti = and < ^2 < A with t2 < s. We then obtain (writing p(^y^s){x,t) as p) 



(6.15) 



Bi 



\T^{x)\^pr]d\\Vt\ 



t=t2 



< r 1^ {-hpr^\T^{x)\' + V{pv\T^{x)\')} ■ {h + u^) + |T^(x)p^(pr^) dm\dt 
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since 77 = for t = 0. The integrand of the right-hand side of fl6.15p can be computed as 
follows for a.e. t. We use the perpendicularity of the mean curvature vector (12. 4p . 

- + (Vp • h)r]\T^{x)\'' + pV(r7|T^(x)n ■ h + {-hpri\T^{x)\^ 

+ r]\T^{x)\^Vp) ■ + pV(r7|T^(x)n ■ + |T^(a;)p|:(pr/) 



(6.16) 



h 



(Vp)- 



P 



r]\T^{x)\^-{Vp-h)r]\T^{x)\^ + 



dt 
l(Vp)- 



-v\T^{x)f 



+ pV(r?|r^(x)n -/i + p 



h 



(Vp)- 



2|„.|2 



T]\T^{x)Y + pr]\T^{x)Y\u 



d 



+ pV{r^\T\x)\')-u^ + \T\x)\'i-{pr^). 



dt 



Thus we obtain from (I6.15P and (I6.16P that 
(6.17) 



\T\x)\'pvdm 



Bi 



"12 




< 



t=t2 Jo JBi 



+ 



l(Vp)- 



-(Vp ■ h)7]\T^{x)\^ + pV(r/|T^(x)n ■ /i 



d 



v\T\x)\' + pr/|T^(x)|>|^ + pV{r^\T\x)\') ■ «^ + |r^(x)|^ ^(pr^) dmdt. 



The first two terms on the right-hand side of (16.171) are 

r / V(r/|T^(x)pVp) ■ S - V{pV(r/|T^(x)n} • SdVt{x, S)dt 

Jo JGkiBi) 

-12 



(6.18) 




(VV ■ 5)r7|r^(x)p - pV2(r7|r^(x)n ■ Srf\4(x, 5)(it 



JGk(Bi) 



Now we use the identity + 



9p , I(VP)^I^ 



+ S ■ V^p = 0to obtain from fl6A7D and fl6:T8|l that 



(6.19) 



|T^(x)rpr]rf||V^*|| 



< / V {-V^(r/|T^(x)p)-^ + r/|T^(x)n«p 



+ \T^{x)\^Vv ■ + r]^\T^{x)\^ ■ + \T^{x)\^^]pdVt{x, S)dt 



For the first term involving u in (16.191) . we use |T-'-(x)| < 1 and the similar computation as 
in the previous subsection then gives 



(6.20) 



-t2 




1-^ 



J B^ 



r^\T^{x)\Myd\\Vt\\dt<C2{k,p,q)\\u\\ 



For the second term involving u in (I6.19p . we have (again using |T-'-(x)| < 1) 



(6.21) r [ \T^ix)\'Vvu^pd\\Vt\\dt< r [ \T' 
Jo Jbi Jo Jbi 



p + ri\u\^pd\\Vt\\dt. 



We note that t] ^[Vr^p < c(ri) max || V^r/H and r] ^{x,t)\Vri{x,t)\'^pi^y^s){x,t) is uniformly 
bounded for {y,s) G 54/5X (1/5, 00) and {x,t) e A := (514/15X [1/15, A)j\(5i3/i5X [2/15, A)) 
since \x — y\ > 1/15. Outside of A, it vanishes. Thus we have some c{n,k) such that 
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?7~^|V?7pp < c{n,k). The second term in the integral of fl6.2ip can be estimated as in 
fl6.20p . For the third term involving u in fl6.19p . 

r [ r^{V\T^{x)\^-u^)pd\\Vt\\dt<\ r f \T^{x)\^r^pdm\dt 

Jo J Bl Jo JBi 



(6.22) 



+ K r f r]\u\'^pd\\Vt\\dt. 

Jo Jbi 



The last term of f l6.22p can be estimated as in f l6.20p . For the remaining two terms of f l6.19p . 
we have 

(6.23) 

V\v\THx)\')-S+\T^ix)\^^ 



[V^r] ■ S)\T^{x)\^ - 4{Vr] ® T^{x)) ■ S - 2r]T^ ■ S + \T^{x''^^'^ 



dt 



Note that T-*- ■ 5 > in general (see flll.3p ). and 



2 



(6.24) 4|(V77®T^(x)) ■ 51 < A\T^ix)\\Vr]WT^ ■ S < 2r]T^ -3 + 2^- — ^|T^(x)P. 

V 

Since ^ < c(n)|| V^t^H, I^2M shows that the right-hand side of fl6:23|l can be bounded 
from above by c{n)\T-^{x)\'^ on A and otherwise f l6.23p < 0. Since p < c{k) on A, we have 

r / { - V'iv\T\x)\') ■ S +\T\x)\'^]pdV,{x,S)dt 

Jo JCkiBi) ^ (^'^ 



(6.25) 



<c{n,k) [ I \T^{x)\''d\\Vt\\dt. 



Jo J Bl 

We obtain from dSHD, fICT]) . f lCT]) . and 

\T-[x)\^7]pd\\Vt\\ <C2\\u\\l,y 

<B 



< C2\\u\\i,,,E^ ''A^(2 + A) 

(6.26) " 



T^{x)\'r^pd\\Vt\ 
t2 r 



+ \ r I \T^ix)\'^Vpd\\Vt\\dt + c{n,k) [ [ \T^{x)\^d\\Vt\\dt. 

^ Jo J Bl Jo Jbi 

holds for all t2 € (0, A). It is easy to check that the differential inequality F'{t) < C+F{t)/A 
for t e (0,A) with F(0) = means F'{t) < Ce for all t e (0,A). Hence from flOHjl we 
obtain 



(6.27) 



T^ix)\'r]pd\\Vt\ 



Bl 



t=t2 



<e(^2\\u\\l,,,E\~'h'{2 + k) + c{n,k)j^ j \T^ {x)\'' d\\Vt\\dt^ . 



We now set the right-hand side of f l6.27p as p^ in the statement of the present proposition 
with an appropriate choice of C3 = c^{n^ k) and replacing C2 by ec2. Finally assume that we 
have II 11(54/5 ^ {|^"'"(3^)l > /i}) > for some to ^ (1/5, A) when VJ^, is unit density. Then 
there exists some xq G -B4/5 with |T-'-(xo)| > p such that 9*^(11 Vi(,||, xq) = 1 and the approxi- 
mate tangent space exists. One can then show that hme_>.o+ /g^ \T-^ {x)\'^rj p(^xo,to+e) '^ll^ol 



|T-'-(xo)p. From (16.270 . we should have |T-'-(xo)| < p, which is a contradiction. We may 
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easily extend the same conclusion for all t G (1/5, A) instead of a.e. t by (13.41) . Thus we 
conclude the proof. □ 

6.3. Time uniform estimate. The following estimate is used in Section O The proof 
is similar to Proposition 16.41 

Proposition 6.5. Corresponding to 1 < Ei < oo, p and 1 < A < oo there exists Cu 
with the following property. For U = Blr, 2 < L < oo, suppose that {Vt}o<t<AR'2 and 
{M(-,t)}o<j<Ai?2 satisfy (Al)-(A4). Then for T e G{n,k) and for all t G [0,AR'^], 



(6.28) 



R-^'+^'> f \T^{x)\^d\\Vt\\<exp{l/{4A))R-^'+^'> f \T^{x)\^ d\\Vo\\ 

+ Cu{{R^'\\u\\^ + R'M)L' + L'^^ exp(-(L - 1)V(8A))}. 
Here \\u\\ = \\u\\LP.i{BLRx[o,Am)- 



Proof. Without loss of generality, we set i? = 1 after a change of variables. Let i] G 
C^{Bl) be a radially symmetric non-negative function with ?7 = loni?/^„i,0<?7<l, and 
\Vr]\, ||V^?7|| < c(n). In (13. 4p . we use (hix. t) = IT-*- (x)pp(o,2A) (a;, t)?7(x) over the time interval 
[0,ti], tl < A. The computations are analogous to Proposition 16. 4[ the only difference this 
time is that rj does not depend on time. Writing p = P{o,2A){x,t), we have (see (I6.19P ) 

/ \T^{x)\'pvd\\Vt\\ ' < r [{-V\v\T^{x)\^)-S + r]\T^{x)\'\u\' 
J t=r\ Jo J 



(6.29) 



+ |T^(x)pVr/ ■ + r]V\T^{x)\'^ ■ u^}pdVt{x, S)dt. 



The last three terms involving u can be estimated as in (16. 7p and (16. Sp . using also |T-'"(x)| < 
L. We also use (I6.23p and (I6.24p (without dr]/dt term) and dropping negative term to obtain 
from (Km 



(6.30) 



\T^{x)\^pvd\\Vt\ 



<c{n,k) / {\\V'7]\\L' + L\V7]\)pd\\Vt\\dt 
t=o Jo J 

+ c{p,k,Ei,A){\\u\\ + \\uf)L\ 



Since |V?7| and HV^r^H are zero on and since 2A > 2A — ti > A, we have P(o^2A){x,t) < 

{4nA)-^/^exp{-{L - 1)V8A) there. From f lOOj) . one obtains 
(6.31) 



tl 

|T^(x)|>d||V^|| 



< c{p,n,k,Ei,A){{\\u\\ + \\uf)L^ + L^+^exp{-{L-iy/8A)} 

t=o 

Since P(o,2A)(a;, 0) < (SttA)-^/^ for all x G Bl, and p(o,2A){x,t) > (STrA)-'^/^ gxp(-i/(4A)) 
for < 1 and t G [0, A], we obtain (I6.28P from (I6.3ip with a suitable choice of constant. □ 



7. Parabolic Lipschitz approximation 



The main result of this section is Theorem 17.51 which gives a good Lipschitz graph ap- 
proximation of moving varifold in space-time. The similar Lipschitz approximation has to 
be constructed in Allard's regularity theory and one can see a clear parallel in that sense. 
We note that along with the monotonicity type estimates in the previous section, Lipschitz 
approximation is completely absent in Brakke's original proof. Instead Brakke constructed 
approximate graphs by substituting test functions weighted by heat kernel in the flow in- 
equality (see ^ 6.8, 6.9]). 
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Proposition 7.1. Given < / < oo, there exist constants C4, = C4,{1), C5 = c^{n,k) and 
Ce = C6{k,p,q) with the following property. For T G G{n,k), U = C{T,1), A = 1 and 
1 < -El < 00 suppose that {\4}o<t<i and {«(■, t)}o<t<i satisfy (A1)-(A4). Formax{2,Z} < 
R < 00, < 7 < 1 and (j/i, Si), {y2, S2) G C(T, 1) x (0, 1), we assume the following. 

e'^dlKJU.) = 1 for z = 1,2. 



(7.1) 

(7.2) 
Set y 
(7.3) 



0" := \T-^iyi -1/2)1 > I ^max{|r(?/i - y2)\, \si - S2I2}. 



yi+y2 
2 ' 



and R{1, a) := (i?^/^ + ^^^J'^ )a. Then assume further that 



PmAy,s)cC{T, 1) X (0,1) 



and for each i = 1,2 we have 



(7.4) 

and R and I satisfy 
(7.5) 

Under the above assumptions, we have 
2 ^ exp(c4//R) 

(7.6) 



S-TW" dVt{-, S)dt < ^{R"^af+^, 



^ +2< 



2fc 



R(1,<t) 



(y) 



P{y,s){-^'t)d\\Vt\ 



+ C5Ei(exp(-v^) + a'R^ 



+ CjR'^'^^y' + C6||«||L„(c(T,l)x(0,l))^r'^'^(^'^ + ^')- 



Remark 7.2. Proposition 7.1 is analogous to [H 6.1]. To describe the idea, assume n = k+1 



case. Consider T as a horizontal plane. Then a is the vertical distance of two points, which 
is typically very small. Later R will be chosen very large so that the coefficient of the first 
term of the right-hand side of fl7.6p is very close to 1. In Lemma\773\ we prove that there can 



be only one horizontal sheet in terms of density ratio via monotonicity formula if the first 
variation is small. Thus we conclude that there cannot be two very close points of density 
one positioned in a vertical manner. Rough idea of the proof is that we 'cut' moving varifold 
by a horizontal plane to separate these two points, and derive a monotonicity type formula 
for each piece. The cutting naturally produces extra error terms which are assumed to be 
small (see (17. 4p ). It is worth pointing out that the error bound assumption is only made for 
the tilt-excess and not for the first variation. In Allard's analogous Lipschitz approximation, 
one makes assumptions on both. 

Proof. Let ^1, ^2 G C°°(M) be non-negative functions sucli tliat 

. . _ J 1 for s < a/4, p m _ / for s < a/2, 

(7.7) ^^^^> ~ \ for s > a/2, ^^l^j - | ^ for s > 3a/4, 

< < 1, \C\ < 8/a and |^.'| < 128/a2 for i = 1,2. 

Let rji, ri2 & C^(]R") be non- negative functions sucli tliat for each i = 1, 2, 

1 on 5(^3/2_i)^(yi), 



(7.8) I onR-\Bj,s^2Ay. 



tj 1 

^<m<l, |Vr/i| < 2/a and \\VW\ < c{n)/a\ 
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Due to ([72D, for each z = 1, 2, |y - = \yi -y2\/2< ayJP + 1/2, and (Q shows 
(7.9) {a; e : r/,(x) 0} C 5^3/2,(y,) C 5^3/2,+|^_,,|(y) C 5^(i,.)(y) C C(T, 1). 
For each i = 1,2 and arbitrarily small e > we compute ( 13. 4 p with 

0(x, t) = p(y^,,^+s)(x, t)r7i(x)^i(|T^(a; - yi)|) 

for the time interval ti = s — R^a^ and t2 = Si. By (17. 2p and I < R, we have t2 — ti > 
R^a^ — |si — S2I/2 > R^a"^ — /^cr^/2 > 0. In the following, we denote p(j^._si+£)(x, t) (and even 
after setting £ = 0) by p^. The same computations leading towards (I6.19p give (we omit 
writing variables with no fear of confusions) 
(7.10) 

Piriiiid\\Vt\\ 



< / dt {-w\'n,i;)■s + r^M< + ^{v^^i)■u^}p^dVt{■,s). 

Due to (17. 7p and (17.80 . rii{x)^i{\T-^ {x — yi)\) is identically 1 in a small neighborhood oix = yi 
for each i = 1,2. Hence using (17. ip we have 

Piyr,s,+^n^id\\VsM = e\\\VsM,yi) = 1. 

Thus by letting e ^ 0, in\TO\i is 

(7.11) J t=s-R^a2 Js-R^a^ J 

+ r/i^ilwr + V(r7iei) ■ u^}pi dVti-, S) =: h + h + I3 + h 
where pi = p(^y-^si){x,t). We next estimate the right-hand side of (17. lip . We start with 12- 
Estimate for I2. 

For the integrand of I2 we have (writing v = T-^{x — yi)/\T-^{x — yi)\) 
(7.12) 

I - V^Vi^.) ■ S\ < ■ S\ + 2\{Vvi ® V^i) ■ S\ + r],\V% ■ S\ 



<m^w\ + '^\^yv^■siv)\+v^ 



\T^x-y,)\J \T^x-yi)\- 



Note that (see Lemma lll.ip we have 

\S{T\v))\<\\S-T\\\vl 

(7.13) S ■ (T^iv) (S) T^iv)) = SiT^iv)) ■ 5(T^(i;)) < \\S - T||>p, 
S-T^ < k\\S-Tf. 

Thus with ([72D, (USD, dm, and the fact that \T^{x - yi)\ > a/A on {V^i ^ 0}, fTm]) is 
estimated as 

(7.14) I - V^(r/i^i) ■ S\ < c{n, k)(T-^Xspt\\7v^\nsptii, + c{k)a-^\\S - Tfxsptv,nspt\\7ii\ 

with a suitable choice of constants c(n. A;) and c{k). We next estimate pi on spt|Vr7j| fl spt^, 
and spt?7j fl spt|V^j| respectively. 

On spt|V?7i| n spt^i, since spt|V?7i| n 5(^^3/2 _i)^(?/i) = by (USD, 

(i?3/2_i)2^2- 
C^M 1 

(7.15) p, < 



(47r(s, - 1))'=/2 
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which takes the maximum value at Sj — t = (i?^/^ — l)^cr^/(2A;) and monotone increasing 
until that point. Note that Sj — t varies over the interval (0, Sj — s + -R^cr^) C (0, (i?^ + y)cr^). 
Thus as long as (17. 5p is satisfied, the maximum value of fl7.15p is estimated as 

/ (/j3/2_i)2 \ / (k3/2_i)2\ 

, . [rkwnm) j-Si^j c(fc) eM-R'") 

^ ' - (47r)'=/2(i?2 + /2/2)fc/2^fc - {ATifl^R^a^ " 

on {spt|V?7i| n spt,^j}. The last two inequalities follow from R > max{2,Z} and due to the 
exponential decay for large R. 

For X G {spt Tji n spt| V^i|}, we have \x — yi\ > (j/4, and one can check that the maximum 
value can be estimated as 



^^p(-64(fc)) (32A;)'=/2exp(-fc/2) 



Pi - (47r(s, - 1))'=/2 - (47r)'=/Vfc 

Hence we may estimate I2 by combining fl7.14p . (17. 161) and (17.171) as (with yet another 
suitable choice of constants) 

^ c(n,A;)exp(-/?3/4) rs^ 

(7 18) Js-R^fr'^ 

+ / \\S-TrdV{.,S)dt. 

By dSH), \s^-s + R'a^l < (R' + iy2)a', 5^3/2,(y,) x (s,, s - R^a') C P«3/2,(y„ s,) and 
fl7.4p . with a suitable choice of constants we have from fl7.18p 

(7.19) I2 < c(n, k)Ei exp(-/R) + c{k)-fR^^''^^^/^ . 

Estimate for 73. 

/3 can be estimated as in (16.70 and (16. 8p . so we have 



(7.20) h<C2{k,p,q)\\u\\ 

Estimate for 1^. 

We have 

(J-? (J? 

(7.21) \pN{'niii) ■u^\ = \piS^{^{'niii)) ■ u\ < —H'^piXsptTH + y |V(r7^^^)|V^• 
The first term of the right-hand side of (17.211) can be handled just like (with multiplication 
of 0""''). The second term is 

(jT erf cr'' / 10 \^ 

(7.22) _|V(r;,eOlVi < y(|Vr7,| + | Ve.DV.Xspt,, < y ( y ) PiXspt,, 

by (ESI) and ([72D- Thus ( 17:^ and (TT^ combined with ([XI]) and |si - s + i^V^I < 
(i?2 + /2/2)a2 show 

(7.23) /4 < C2||M||ip.,(c7(Ti)x(oi))^r^(3PV2)V^ + 75a^i?2^i. 



Estimate for Ji. 

It is important to note that 
2 



(7.24) /p.r/,e.rf||Vt|| </ 6Pi + 6P2rf||V<| 



t=S-B?C7'^ 
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by (17.91) and that the supports of ,^1 and ,^2 are disjoint. We next compute the ratio of pi 
and P[ys)- With |sj — s| < 
(7.25) ' 

pfc k ( \y—^\'^ \yi—^\'^ ^ f \y—^\'^ Ivi—^l^ 



< 



P(5,5)(x,S-i?V2) (s^ _ s + i?2^2)fc/2 - (^^ _ J^^^'"'^ 

One checks that when ||/ — a;| < \y — yi\{< (j\/P + 1/2), the argument of exponential function 
in fTT^ is 

When \y — x\ > \y — yi\, we have \yi — x\ > \y — x\ — \y — yi\ > and —\yi — < 
— \y — x\'^ + 2\y — x\\y — yi\. Thus 

+ |^_a;|2_^2|^._^|2 ||-_^|2^2i?2|^_a;||^_^.| 



(7.27) 4i?2(i?2 + |)^2 - 4i?V 

f (i?3/2 + yFTl/2)2 + 2i?2(i?3/2 + yFTl/2)(v/I^/2) ^ ^ ^ 

< ^^i < cil)/VR 

since ||/ — x| < (i?'^/^ + \/P + 1/2)ct and by comparing the exponents of R. Thus, combining 
([725D, fl7:2H|l and ([72ID, we obtain 



(7.28) s - i? (T ) < fc/2 s - a ). 

Combining fl7.24p and fl7.28p . and the fact that ,^1 and ^2 have disjoint supports, we obtain 



2 r 

(7.29) \ Pi"^^ii<^\\^t\ 



^ exp(c(/)/v/i?) I 



Final step. 

Finally summing f Tmj) for i = 1,2, and by the estimates dUSD, ([720]), (IE23D and (ESS]), 
we obtain (17. 6p with a suitable choice of constants. □ 

In the next Lemma 17.31 and Theorem 17.51 we use 

P(y,.)(a;,i) = ^(7x/5)p(j^,^)(x,t), 

where 7] is defined in Section 16.11 In the statement of Proposition 16. 2[ this corresponds to 
choosing R = 5/7. For 4>t as in (15. 2p . we have 

(7.30) Sptp(j,,^)(-,t) C ^2/3 C {(pT = 1}, P{y,s)i-,t) = Piy,s)i-,t) OR ^13/21. 

Lemma 7.3. Corresponding to 1 < Ei < oo, p and q with (13. 2 p there exist < ri < 1 and 
< £2 < 1 with the following property. For U = C(T, 1), A = 1 and Ei, suppose {Vf}o<t<i 
and {m(-, t)}o<t<i satisfy (A1)-(A4)- Let (px and c he as in (15. 2p . 
Assume 

(7.31) / \h{Vt, ■)\^<Pld\\Vt\\dt < e2rl/A, 

ic(T,l)x(0,l) 

(7.32) 111^*11(4) - c| < £2, 0<Vt<l, 
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(7.33) sptll^fll nC(T,l) C {|T^(a;)| <e2}, < Vt < 1, 

('''•34) ||''^||lp.9(c{t,i)x(o,i)) ^ 1- 

Then for any y e C{T, 1/2) n {\T^{x)\ < 62}, t e {rf, 1) andO <r < ri/V2, we have 

f 26 
(7-35) / P(y,t+M-,t)d\\Vt\\ < —. 

JC{T,1) 
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Remark 7.4. In this Lemma we take advantage that quantities f l7.3ip - fl7.34l) can he made 
small when the L"^ -height is small due to L^-L°° estimate and energy estimate. We then 
conclude that the weighted density ratio can be estimated from above by a number close to 1 
(17.351) for all small radii. 

Proof. We fix < ri < 1 so that 

(7.36) C2E\~\rly + c^E^uJkrl{7/bf< ^ 



100' 



(7.37) 



sup sup 

0<r<ri s/eBi/2nT 



T 



P(^yy2'j(x, 0) d'H^{x) 



< 



100' 



In regard to fl7.37p . we may choose such ri since p(^y r2){-,0) = p(y ,,2)(-,0) on -B13/21 due to 
fl7.30p and ,^.2)(-, 0) approaches to the delta mass on T at ?/ as r — )■ 0. The choice of ri 
depends on Ei, p and q. By (16. 2p . for all y G -B4/7, < ti < t < 1 and t — ti < we have 
with fTTMp and (OSD 

(7-38) p(^y^t+r2){-,t)d\\Vt\\ - pi^y^t+r^){-,ti)d\\Vt^\ < 

We next claim that there exists a positive constant < £2 < 1 depending on ri and Ei with 
the following properties. Assume that V is an integral varifold with 



(7.39) 



\V\\{B,)<E,, 



(7.40) 



\h{V,-)\'<p'^d\\V\\<e2. 



C(T,1) 



(7.41) 



spt||l^JnC(T,l)c{|T^(a;)|<£2}, 



(7.42) \\\V\\{<Pl)-c\<e2. 

Then for all y G C(T, 1/2) fl {|T^(2;)| < £2} and ri/y^ < r < ri, we have 



(7.43) 



p(^yy){-,Q)d\\V\ 



< 



50' 



If false, then for each m G N there should exist an integral varifold Vm, G C(T, 1/2) fl 
{|T^(x)| < 1/m} and < r^r, < ri satisfying ([739]) -([732]) for £2 = 1/m but not 

satisfying (17.431) . Then by fl7.39p we would have a converging subsequence with limit V. 
Due to (17.401) and the compactness theorem of integral varifold, is a stationary integral 
varifold on {(px > 0}. Due to (17.411) . spt C T. By the constancy theorem of integral 
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varifold and due to f l7.42p . we may conclude that \\V\\ = Ti^lr on {(pT > 0}. We may also 



assume that ym y ^ C{T, 1/2) DT and — )■ r G [ri/ \/2, ri] and we have 

p^y,r2){x,0)d\\V\\ix)-l 



Bi 



1 

> . 

- 50 



This contradicts with fTraTj) since spt p(y,r2)(-, 0) C {(pr > 0} by fl7:30|) and = n'^lr- 

Now given y G C(T, 1/2) n {|r-^(x)| < £2}, t G {rj, 1) and < r < consider the 

interval [t + r'^ — rf, t + r"^ ~r\/2] which has the length Then by (I7.3ip . there exists some 

ti in this interval such that fl7^ holds for Vt^. The conditions flT^ . (17^ and fl7^ are 
satisfied for Vt^ by the assumptions of the present lemma. Since r'l/2 <t + r'^ — ti < rf, we 
have from ( I7.43P 

Since < t — ti < rf, combining fl7.44p and fl7.38p . we obtain the desired result. □ 

Theorem 7.5. Corresponding to 1 < Ei < 00, p and q with fl3.2p there exists < £3 < 1 
and C7 with the following property. For U = C{T, 1), A = 1 and 1 < Ei < 00, suppose 
{Vi}o<t<i and {«(■, t)}o<t<i satisfy (A1)-(A4)- Let (px, 0r,i/2 and c he as in (15. 2 p and let 
Ti he as in Lemma \7. 3\ Write \Mt\ := Vt for a.e. t and identify T with M.^ x {0}. Suppose 
that we have 

(7.45) 



\hiVu-)\'(j)'Td\\Vt\\dt<e3rt/A, 



C(T,l)x(0,l) 



(7.46) 
(7.47) 

(7.48) 

Set 

(7.49) 

and 
(7.50) 



\\\Vt\\{(p^T) - c\ < e-s, 0<Vt < 1, 
spt \\Vt\\ n C(T, 1) C {|r^(a;)| < £3}, < Vt < 1, 
||M||LP.9(c(r,i)x(o,i)) < 1- 



5-T||>^ dVt{-,S)dt 



Gfc(C(T,l))x(0,l) 



\vt\m^/2) dt - 



Then there exist maps f : x (1/4, 3/4) ^ R"-'^ and F : fif/g x (1/4, 3/4) R" x (0, 1) 
such that for all (x, s), {y,t) G B^^^ x (1/4,3/4), 

F{x,s) = {x,f{x,s),s), 

\f{x,s) - f{y,t)\ < c{n,k)max{\x-y\,\s-t\^/^}, |/(a;, s)| < £3. 
Define X = {Uie(i/4,3/4)(Mt n C{T, 1/3)) x {t}} n image F and Y = {T x IdM)(X). Then 
m\\ X dt){{CiT, 1/3) X (1/4, 3/4)} \ X) 

+ £'+^({5^/3 X (1/4, 3/4)} \Y)<k' + c,p\ 



(7.51) 



(7.52) 
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Proof. We use Lemma [7. II with / = 1 and R, 7, a chosen as follows. We choose and fix R 
sufficiently large depending only on n, k, Ei so that f l7.5p is satisfied and 

(7.53) l<^^P(£lAp<l,A., e.^.e.p(-^)<^. 

V-^ 2R2) 

After fixing such R, we choose and fix 7 > sufficiently small depending only on n, k, Ei 
so that 

(7.54) C57/2'('+')/' < — . 

We choose and fix a sufficiently small depending only on n, k, Ei, p, q so that 

(7.55) ceEl'^R^'ia^' + a') < c^EiR^a' < ^ 



100' 100' 

(7.56) {R^'"^ + V2/2)a <ri, i^V^ < 
We set 

(7.57) £3 = min{£:2, cr/2}. 
We then define 

A = {{x,t) : X e C(T, 1/2) n Mi, |T^(x)| < £3, tG (1/4,3/4), 
^^■^^^ sup \\S-TfdVs{-,S)ds<^}. 

0<r<ri r ^ Jp^{x,t) 

We apply Lemma 17.11 and show that A can be contained in a Lipschitz graph. To do so, 
assume that we have distinct (yi,si) and {1/2,32) in A with \T-^{yi — 7/2)! > niax{|T(yi — 
1/2)1, \si - S2\'/^}. Set a = \T^{y,-y,)\. By and a < \T^{yi)\ + \T^{y2)\ < ^x. 

Since R^/^a < R^/^a < ri by (17361) . we have ([72D satisfied by (17381) for i = 1, 2. We also 
have 

(7.59) V/2+^)^(y, ^) C C{T, 13/21) X (0, 1) 

due to (I7.56P and restricting ri if necessary (depending on absolute constant). Thus we have 
([71])-(I73]) satisfied for (?/i,Si) and (?/2,S2)- Then we should have ([72]). By ( i73^ -( i735]) 
and ( I7.48P we have 



4 

^ Too' 

t=s-B?a^ 



(7.60) 2<(l + -i-) / p(_,)(.,t)rf||K,| 

The inclusion (I7.59P implies that we may replace p in (I7.60p by p since r] = 1 on -Bi3/2i- Note 
that we have R^a"^ < R^a^ < rl/2 by ( 17^6]) . Due to (17:45]) - (I7:48|) and (1737]) . conditions 
(I7.3ip - (l7.34p are satisfied. Thus Lemma 17751 gives 

2<(i + ^)!5 + A 

100^25 100 

which is a contradiction. Thus for any two distinct points {yi, Si) and {y2, S2) in A, we have 

(7.61) |T^(yi - 1/2)1 < max{|r(|/i - y2)\, - S2\'/'}. 
We next consider the projection of A on T. Define 

(7.62) A' = {{x, s) e 5f/3 X (1/4, 3/4) : x = T{y) for some (y, s) E A}. 
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The inequality f l7.6ip shows that {T~^{x), s) fl A consists of a single element {y} for each 
{x, s) e A', thus we may define the maps f{x, s) = T^{y) and F{x, s) = (x, f{x, s),s). We 
also have from fl7.6ip and fl7.58p that 

s) - < max{|x - y\, \s - for (a;, s), {y,t) e A', 

sup s)| < £3. 

By the standard Lipschitz extension lemma applied with the natural parabolic metric, we 
may extend / and F to be defined on T x M. We denote them by / and F, respectively, 
and they satisfy 

(7.63) \f{x,s) - f{y,t)\ < c{n,k)max{\x - y\, \s - t\'/^} for {x,s), (y,t) eTxM, 

(7.64) sup \fix,s)\<es. 

{x,s)&TxR 

This proves the claim of f l7.5ip by restricting to C(T, 1/3) from C(T, 1/2). We next estimate 
the measures of 

B := Ue(i/4,3/4){(M, n C(T, 1/2)) X {t}} \ A, 

(7.65) 5':=(TxIdM)(5) cTxM, 

i?":=5f/3x(l/4,3/4)\A'. 

B is the subset of {Mt}o<t<i which may not be covered by the image of F, B' is the 
projection to T x M, and B" is the subset of T x M such that T~^(x) may not intersect with 
the image of F. 

For each (x, s) G -B, there exists some < r(x, s) < ri such that 

(7.66) j_ \\S - Tf dVt{-, S)dt > 7(r(a;, s)f^^ 



by the definition of A, fl7.58p . Thus {Pr(x,s){x, s)}(^x,s)eB is a covering of B. By [121 2.8.14], 
which is a generalized version of Besicovitch covering theorem, there exists a finite number 
of subfamilies Bi, ■ ■ ■ , B-B{n) each of which consists of mutually disjoint parabolic cylinders 
and B C U^^"'' Ug. Pr{x,s){x, s). Then using f l3.ip . f l7.66p and the disjointness of Bi we have 

B(n) 

distil X dt){B) < J2 J2^\\yt\\ X rft)(PKM(x,s)) 

i=l Bi 

B(n) BH 

(7.67) <J2J2^E^cok{r{^,s))''^'<J2J2^E^co,J-' / ||^ - T|p f/V-,(., 5)c^i 

i=l Bi i = l Bi J Pr(x,e){x,s) 

<2B{n)EiUJkj~^ [ \\S -TfdVt{-,S)dt. 

ic(T,13/24)x(0,l) 

Note that C(T, 13/24) c {0t = 1} due to and ([52]) • 

For B', note that T(Pr(a^7s)) C T x R is a (/c + l)-dimensional parabolic cylinder with 
£'=+^(T(P^(a;,s))) = 2uJkr''+^. Since U^i"^ Ug, T(P^(^,,)(a;.s)) covers P', we have 

B(n) B(n) 

(7.68) £'=+1(5') < ^ 5^ £'=+i(T(P,.(.,.)(x, .))) < ^ E 2^'^(^(^' ^))'^' 

i=l Bi i=l Bi 

and the rest is estimated as in (I7.67p . the result being without Ei of fl7.67p . 
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We next estimate B" . Since / is Lipschitz in the space variables, it is differentiable a.e. 
and the area formula shows (write := C(T, 1/2) x (1/4,3/4) here for simplicity) 



^T,i/2d\\Vt\\dt = I (l)l^y^d\\Vt\\dt + [ (Ply^dWVtWdt 
J A Jb 

= I (ply2i^)\AkV{x, f{x,t))\dn\x)dt + [ ^l^y,d\\Vt\\dt 
J A' Jb 

= I 0^,i/2(|AfcV(x,/(x,t))|-l)rf-H^'rft+ / (Ply.dn'dt 
J A' Jc,nT 

(pTi/2d''H''dt+ / (f)^-^,^d\\Vt\\dt. 
' ' Jb ' 



(7.69) 



'(c.nT)\A 

Since 0t,i/2 = 1 on C(T, 1/3) x (1/4, 3/4) and B" C (C* n T) \ A', (\7mf shows 



(7.70) 



C^+\B")<[ (t)l^y^dH^dt< [ ^l^i/2d\\Vt\\dt- [ ^^^^dn'^dt 

J{c*nT)\A' ' Jc* ' ic.nT 



+ 



/ (pli/2{\AkV{x,f{x,s))\-l)d'H''dt+ [ ^ly,d\\Vt\\dt. 
J A' Jb 



Note that for / with its Lipschitz constant bounded by c{n, k), we have |AfcV(x, /(x, s)) \ — 
1 < c{n, /c)|| (image V(x, /(x, s)) —T|p, where image V(x, /(x, s)) coincides with the approx- 
imate tangent space of Mt a.e. on A'. By (17.501) . fl7.67p and (17.701) . we have 

(7.71) C''+\B") < 2B{n)uJkEi-f-^P^ + c{n, k)P^ + k\ 

Since Uie(i/4,3/4)(Mi x {t})n{(C(T, 1/3) x (1/4, 3/4)} \X C B and {5f/3 x (1/4, 3/4)} \r C 
{B' U B"), we proved fl732]) by (17:^ . (17:^ and fITTB . □ 



8. Holder estimate for gradient 



In this section we prove that if the L^-height of varifolds is small, then near the center of 
the domain, the properly scaled L^-height with respect to a slightly tilted plane shows at 
least a fixed amount of decay. By iteration, this proves that the spacial gradient is Holder 
continuous. The method of proof, the blow-up technique, goes back to Almgren [2] and the 
proof is analogous to that of Allard's regularity theory pQ. On the other hand, there are a 
few subtle and interesting differences from elliptic case. The first point is that L°° estimate 
is rather essential to show that the blow-up limit satisfies the heat equation. Note that the 
test function that we can use in the weak inequality (13.41) has to be non-negative. Thus, 
we need to know the height of varifolds in L°° norm, instead of, say, norm. The second 
point is that we need to capitalize on the monotone decreasing property (with respect to 
time variable) of norm of blow-up sequence to show the strong convergence of space-time 

norm. Recall that in elliptic case, Rellich's compactness theorem shows the strong 
convergence immediately. Here, since we do not have any control of time- derivatives of 
blow-up sequence, we need to use some special feature of parabolic problem. 

Proposition 8.1. Corresponding to 1 < Ei < oo, < u < 1, p, q with (13. 2 p there exist 
< £4 < 1, 2 < A* < 00, < 9^ < 1/4, 1 < Ci4 < 00 with the following property. For 
W G G{n,k), < R < 00, U = C(W,2R) and (0,A) replaced by {-A^R"^, A^R^), suppose 
{Vt}-A,R2<t<A,R2 and {M(-,t)}-A.R2<t<A^K2 satisfy (Al)-(A4). ForW e G{n,k) let (t)w,R he 
as in (15. 2p . Suppose 

(8.1) T G G(n, k) satisfies \\T - W\\ < £4, 
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8.2) A G A(n, k) is parallel to T , 



8.3) /i := ( / * / dist {x,Afd\\Vt\\dt\ < 54, 

y J-k,R'^ Jc{W,2R) J 

8-4) := \\u\\lp,<i{c{w,2R)x(-a^r2,a,r'2)), 

8.5) {-A, + 1)R^ <3h<i-A, + 2)R^ : i^-'^H V^^J] (0^^^^) < (2 - z/)c, 

8.6) (A, - 2)i?2 < < (A* - l)R^ : i^^ll^^tJI (0^,^) > z/c. 
r/ien i/iere are T G G(n, A;) and A E A{n, k) such that 

8.7) A is parallel to T , 

8.8) 11^ -^11 < ci4Ai, 

8.9) (^*i?)~('=+^W / dist(x,i)2d||l^t||dt < ^^max{/i,i?^ci4||n||}. 

y J-e1k,R^ Jc{W,20,R) j 

Moreover, if R'\\u\\ < 64^, we have 

8.10) (-A, + l)(^.i?)2 < 3k < (-A, + 2)(0,i?)2 : (^.i?)-'||l^fj| (0^,,,^) < (2 - z/)c, 

8.11) (A, - 2)(^,i?)2 < 3t2 < (A. - l)(^.i?)' : (^*i?)"iHjl (0'^-^^) > 



Proof. We may assume that R = 1 after a suitable change of variables. We prove (18.71) - 
(18. 9p by contradiction. We will show that (18.101) and (18. lip follow from these at the end. 
By Theorem 15.71 corresponding to Ei and u there replaced by 1^/2, we fix A, K, ei first. 
We set A^, := A + 5/2. We will fix < < 1/4 later depending only on Ei, u, p and q. If 

the claim were false, then for each m G N there exist {V}"^^}^A^<t<A,, {u^"^\-,t)}_A,<t<A, 
satisfying (Al)-(A4) on C(M/M, 2) x [-A,, A,] for W^""^ G G(n, k) such that, after suitable 
translations and rotations, we have T = x {0} and 



(8.12) IIT- < — , 

m 



8.13) ;,(-):=( /^*/ |T^(x)|2rf||v/")||t/t ) <- 



A* JC(iy('"),2) 



1 



m 



and ([S3]) and (ES]) satisfied for W = W^"'\ ti = t^™^ and = 4"'\ respectively, but for 
any T G G(n, k) with ||T — T|| < mfi^"^^ and A G A(n, k) which is parallel to T, 

(8.14) r*^* / dist{x,Ayd\\v}"'^\\dt] > e:max{/x('™),m||n(™)||}. 

y J~elA, JC(VK('"),26l.) y 

By taking i = T = T in flsnj]) . we obtain 

(8.15) ^^mllM^™)!! < ^^e^+^^/V^"^. 
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Thus f lS.lSp shows that 

(8.16) hm = 0. 

Lemma 8.2. For any given < 7 < 1, there exists some such that 

(8.17) spt||v/™)|| n{|r^(x)| >7}nC(W^('"\3/2) =0, -A, + l<Vt<A, 
for all m > mo- 

Proof of Lemma \8.2l Suppose that fl8.17p did not hold for some i such that V"^*-™-* is of unit 
density. Then there exists some i e {\T^{x)\ > 7} n C(Vr(™), 3/2) with e'^dlv/™^ ||, x) = 1. 
Then by Proposition O with U = B^/2{x), R = 7/2, t2 = i, ti = i - t with < t < 1, 
y = X and s = t + e, we have 

/ hrt+4-^t)d\\vl"'^\\< I /3(,,>,)(-,t-t)rf||V:(_^)|| 

(8.18) -'B^Mi^) JB.,^,ix) 

+ C2\\u^"'^\\^El'h' + A'y-^ciUkEit. 

Set e — )■ 0+ and fix < t' < 1 such that the sum of the second and third term of the 
right-hand side of fl8.18p is less than 1/2 when t < t'. We then obtain 

(8.19) l< [ Pi,,i){-^t-t)d\\vtt\\ 

for all t E [t'/2,t']. Since P(^xf){y^i — t) takes maximum value {A-Kt')"^/"^ when y = x and 
t = t' /2 in this interval, from f l8.19p we obtain 

(8.20) ^<(4^0-'=/'lin-tll(i?./2(x)) 

for all t G [t'/2,t']. Since B^/2{x) C {\T^{x)\ > 7/2} n C{W^"^\2), by ( Km\ . we have 

37/2(^0 

Since fx^"^^ < l/""^, (18.211) cannot be true for sufficiently large m. This shows (I8.17P holds 
true for a.e. t G [—A* + 1, A*]. By using (13. 4p . we conclude that (18.171) is satisfied for all t. 
This ends the proof of Lemma 18.21 □ 

Next we use Proposition 16.41 for U = B2 {or R = 2 there) and (0, A) there replaced by 
(— A^,,A^,), to obtain 

(8.22) spt WVI'^^W n 58/5 C {|T^(a:)| < 2fi^^^, Vt G (-A, + 1, A,) 

for 

1 

(8_23) f^^""^ ■■ = I |T^(a:)rd||F/™)||rft + C2||^(-)fi?r'(2A.)^(2 + A./2) 

<C8(n,A;)/i("^) 

for all sufficiently large m by (I8.16P for a suitable Cg. In the following, for t G (— A^, + 1, A^,), 
we set = on C{T, 1) n{|T-'-(x)| > 1} for all sufficiently large m. Due to Lemma |H2] 

and this modified k/""^ on C{T, 1) still satisfies (A1)-(A4). We do this modification 



(8.21) (/i(-))2 > I \T\x)\' d\\V,^-\\dt >Ul 



40 



K. KASAI AND Y. TONEGAWA 



for notational simplicity. Otherwise, one can restrict the domain of integration from C{T, 1) 
to C(T, 1) n {|T-'-(a;)| < 1} in the following computations. With this convention, we have 

1 

M'"^ : = sup ( [ \T\x)\'d\\v!-^\\] ' < (Eia;,(8/5)^r/^2/i(-) 

lo-^4j „A.+l<t<A.-l \Jc{T,l) / 

<c,{E,,n, k)fi<^'^'> 

for a suitable cg by fl8.22p and fl8.23p . We next check that the assumptions for Theorem 15.71 
are all satisfied on (—A* + 1, A^, — 1). By the definition of A^,, we have (A^, — 1) — (— A,, + 1) = 
2A, - 2 = 2A + 3. (Km and are satisfied for all sufficiently large m due to ([H3]), (K^ 

and f l8.12p . fl5.40p follows from fl8.22p . Thus for all sufficiently large m depending on Ei so 
that fl5.4ip and fl5.44p are satisfied, we conclude from ( I5.45P and fl5.46p as well as Corollary 
ED that 

(8.25) sup ml'^^im) - c| < ir((/il™))^ + C(n(™))), 

-l/2<t<l/2 

(8.26) r [ |M\//-),-)r0|rfr/™^IMt<12K((/x^))^ + C(«(™))), 

J -1/2 JC{T,1) 



1/2 

The right-hand sides of f lOKjl -f lOTl) are all bounded by cio(^i, z/, n, k){^i^'^^f due to f lOip . 
the definition of C{u'^'^^) and (I8.16P for all sufficiently larege m. By Proposition 111. 2[ (I8.24p 
and f l8.26p . we also have 

(8.28) f'^ [ \\S ~Tf(l)ldVl"'\-,S)dt<cio{fi^"'^y. 

J -1/2 JGk{C{T,l)) 

We next use Theorem 17.51 For all sufficiently large m depending on ri and £3, we may satisfy 
the assumptions fl7.45p - fl7.48p . Since and in Theorem 17.51 are bounded by cio(/i*-™'')^, 
we have a corresponding Lipschitz functions /^"^^ and F^"^^ defined on By^ x (—1/4,1/4) 

with the corresponding estimates f l7.5ip and fl7.52p . We also define X^"^^ and to be the 

sets X and Y respectively corresponding to v/™"*. We now set 

(8.29) fim)._f(m)^^im)_ 

In the following we write Q := C(T, 1/3) x (-1/4, 1/4) and Q' := B'[^^ x (-1/4, 1/4). 

Lemma 8.3. There exists constant Cn which depends only on Ei, u, p, q such that for all 
sufficiently large m, 

(8.30) sup |/(")| + f \Vp''^\^dn^+' < cn. 

n' Jn' 



Proof of Lemma \8.3\ The supremum estimate follows immediately from f l8.22p , f l8.24p , 
fl7.5ip and fl8.29p . We may proceed just like [U p. 483] for the second term. We split the 
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domain of integration into and the complement, and using that the spacial Lipschitz 
constants of F^"^^ are < c{n, k), 

(8.31) 

< c(n, k) [ |VF('")n|image VF^"^) - Tf\AkVF^"''^\ dH^+^ + c(n, k)C^+\Vt' \ F^™)) 
Jy{™.) 

<c{n,k) [ \\S -T\\^dvl"'\-,S)dt + c{n,k)C''+\n'\Y^"'^) 

iGfc(C(T,l/3))x (-1/4,1/4) 

<c(n,A;)cio(/i('"))' 

where we used IK7E\f and ( 173^ at the end of f lOT]) . This shows (IH3D])- □ 
Lemma 8.4. There exist a subsequence and f E such that 

lim,_^ II /(™^) - f\\L2^n') = and / satisfies % - Af = on n' . 

Proof of Lemma \8.4\ Let I E {1, ■ ■ ■ ,n — k} he fixed. We show that l-th components 
fi'^\ fi of Z*-™'', / G M""*^ respectively satisfy the desired properties. Due to f l8.30p we can 
extract a subsequence (denoted by the same index) so that 

(8.32) //"^ ^ /; weakly in L\Q'), V//"^ ^ V/, weakly in L\Q'). 

Due to fl8.28p and f l7.52p . we may further assume that for a.e. s G (—1/4, 1/4) 

lim 



(8.33) lim / ||S-T||2dV;('")(-,^) = 0, 

'c(T,l/3) 



(8.34) lim ||ri'")||(C(T, 1/3) \ X^'") [*=,) = 0, lim C'^iB^,, \ F^'") [i=,) = 0. 

Again by (18.301) . the Rellich compactness theorem and diagonal argument, we may assume 
that 

(8.35) {fi"^\'^ Sj)}mm is a Cauchy sequence in LF'{By^ 

for a countable dense set {s,}^^ in (—1/4, 1/4). We may choose these Sj satisfying fl8.33p 
and fl8.34p as well. We fix such a subsequence in the following. For arbitrary non-negative 
e C~(fi') we set 0('")(a;) := {xi + Ciiii^'^'^)^{T{x)) for x e M". By definition is 
non-negative on {x : |a;/| < Cn/i'-'"-'}. We may use 0*^™^ as a test function in (13. 4p by 
a slight modification away from T. In the following similar computations using (13. 4p we 
implicitly assume that we do this modification of test functions which does not affect the 
computations. Now we have 

(8.36) 0< / {-h{v!^\-)(P'^'''^ +V^^"'^)-{h{V,^'^\-) + {u'^'''Y) + ^^ 

Jn c't 



By the Cauchy-Schwarz inequality and by dropping a negative term, we obtain from (I8.36P 

0< / |M('")|V'™) + |M(")||V0(")| + ^^ + (x, + Cn/i("))V0-/i(y/'"^ 
(8.37) Jn ct 

+ ^h{V}'"\ ■)i d\\V}"'^\\dt =: + 4"^^ + ^ + + ) 

where h{v}"^\x)i is the [k + /)-th component of h{V^™'\x) G M". In the following we 
estimate limm^ooif^^"^^)^^ Ij"^^ for each j = 1, ■ ■ ■ , 5. 
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Estimate of 

Since \ < 2cii/i'^™''' sup |0|, by the Holder inequality and fl8.16p . 
(8.38) lim < ciic(0,p,g) lim \\u^"'^f = 0. 



Estimate of 



(m) 
2 • 

By the Holder inequality and (18. 161) . 

lim < lim c(p,g)||u(™)||(sup|0|(^('"))-' + ciisup|V(^|) 

a— >oo m— >oo 

< lim o(l)c(0,p,g)(l + cn/i(")) = 0. 

m— >oo 

(m) 
3 

We estimate as 



(8.39) 



Estimate of Jg 



(8.40) = / ^?^<i||V'/""||* + / (/<"" + c„f,<"'>)^(|A,VF'"'| - 1) dW'+i 

Jn\x("^) eft Jy("^) cit 

Jn'\y('") Jn' (JT^ 

Using (18.30 p . (I7.52p and (I8.28p . we can show that the first three terms of (I8.40p are of order 
(^('"))3. Thus, using the weak convergence (18. 32 p . we obtain 

(8.41) lim (/.(™))-^/f ) =/(/, + CuMdH'"-'. 



m— >oo 



dt 



(m) 

By flOU]) and (Km . we have 



Estimate of 



|/r|<2cn/.(")( / m'dWvl-^WdX^' ( [ \hiv}-\-)\'d\\v}-^\\dt^'^' 



<2cuc{E,,4>)cli\fi^-^^r 

so that 

(8.42) lim |(/x(™))-i/i™^| = 0. 



Estimate of Jg '. 



(m) 
5 • 

Let e; be the unit vector with 1 in the l-th component. We may write 
4>h{vl"'\-)id\\v}"'^\\dt = - [ {V^(^ei)-SdV}"'^dt 



(8.43) 



[ {V^i^ei)- SdV^'^^dt 



- [ image VF^"^) • ( V0 ® e^ ) | VF^'") | - V//"*^ ■ V0 dC''^^ 

+ f V//"^ ■ V4>dC''^' - [ V//"^^ ■ V0rf£'=+i := Jj") + Jt^ + Jt^ + 4 

Jn'\y(m) Jn' 
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By fl732|l is 0((/i(™))2) and by ( lOOj) and (I732D . the same for l^™^]. By pT, 8.14], 

fl73T|) and f lOO]) . 

(8.44) l^'")] <c(n,A;,|V0|) /" | V//™^|' < 0((/x('"))2). 
By (18. 32 p . it follows from above estimates that we have 

(8.45) lim iij^'^Y^lt^ = lim (/i("))-Vl"^ = - / Vfi- V4>dH''+\ 

m^oo m— >oo J 

Summary. 

Due to (1071) - fl8:i5|l . we obtain 

(8.46) < j^Ui + cn)^ - V/, ■ V~^dH^+\ 

We may carry out the similar argument with cj) = (cn/i*-™-' — xi)(j), and obtain 

(8.47) 0< f {cn-fi)^ + Vfi-V4>d'H'+'- 
Combining (IH3S]) and flg:^?!) and since ^, ^ rf'H^+i = , we conclude that 

(8.48) 0= [f.^-Vfi-VH-H'^' 

for all non-negative G C^(i7'). This also shows that fl8.48p is satisfied for all (not neces- 
sarily non- negative) G C^(r2'), and /; satisfies the heat equation in a weak sense. The 
standard regularity theory shows that ji is C°°(f2') satisfying the heat equation in the clas- 
sical sense. 

Next we show that for a.e. s G (—1/4, 1/4), the weak convergent limit is unique and 

(8.49) - /,(-, s) weakly in L\B\i^). 

Take any s with the properties fl8.33p and fl8.34p . Since |//'"^(-,s)| < cn, it is bounded in 



particular in L (By.^). Let g G L (By^) be any weak limit of a subsequence (■, s)}^]^. 



The similar estimate as in f l8.40p using f l8.33p and f l8.34p shows that for any (p G C°°(-B^ 



(8.50) lim / (^{-.))-i(a;, + cn/i("^^))0rf||K,™^|| = / {g + Cn)~^d'H\ 

We now proceed just as the first part of the proof. The differences this time are that the 
domain of integration is changed to C(T, 1/3) x (—1/4, s) and that we take the subsequence 

{fi^^^}'fLi- Then using f l8.50p . we obtain for any non-negative (p G C^iQ!) 
(8.51) 

/ {g + cu)~^{-^s)d'H^ < [ (f^ + cu)^-VfrV4>d'H''= [ {fi + cn)4>d'H\ 
J 3*1^^ Jn'n{t<s} Jn'n{t=s} 

the last equality follows from fi being the classical solution for the heat equation. Similarly, 

we have 

(8.52) 

/ icn-gm;s)dn''< [ (cu-fi)^ + Vfi-V4>d'H'= [ {cn-~fMdHK 
Jb^\ Jn'n{t<s} c>t Jn'n{t=s} 
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Thus (18.5ip and fl8.52p show f„^: (g — fi(-, s))(f>(-, s) dl-L^ = for all non-negative function 

-°l/3 

(f) G C^{Q'), which shows that g{-) = fi{-,s) a.e. on By^. Since the limit is determined 

independent of the choice of subsequence, the whole sequence {fi"^\- , s)}^^i must con- 
verge to /;(■, s) weakly in L'^{By^), proving fl8.49p . The same argument shows that the 

Cauchy sequence in fl8.35p also converges to fi{-,Sj). The lower semi continuity under weak 
convergence shows that 



(8.53) \\fi{;s)h^B^^ ) < hminf l|/^)(-,.)lL.(^. ) 

^ 1/3' m— s>oo ^ 1/3' 

for a.e. s G (—1/4, 1/4). We next show that for any — 1/4 < s-,- < s < 1/4 with sj satisfying 
08.351) . s satisfying fl8.33p and fl8.34p . and for any non-negative (f) G C^{By^), 



(8.54) limsup||0/r(-,s)||i, . < \\^fi(.,s,)\\i, , +cms-s, 

m— s>oo 1/3' 1/3' 

We use (x/)^0 as a test function in (13. 4p with time interval [sj,s] and divide both sides by 
^^{m)^2_ gy ^Yie Cauchy- Schwarz inequality and abbreviating the notations, substitution of 
(x/)^0 into (13. 4p gives 

(8.55) 

/ ix,r4>d\\vj"^^\\- [ ixir4>d\\vjf\\ 

Jc{T,l/3) Jc{T,l/3) 

< [ (-My/™\-)(^O'0 + V((a;O^0)) ■ (MV;^"\-) + («(™))^)rf||F/"^|Mt 

Jc{T,l/3)x{sj,s) 





Due to f l8.22p and fl8.26p . we can estimate the right-hand side of (I8.55P by c(/i(™'))^((sj — 
s)^/^ + /i*^™^). On the other hand one can estimate the left-hand side of fl8.55p (devided by 
(/i("))2) just like flCTj) using (I8.32p - (l8.35p . It is important to note that we have the strong 
convergence m L2(Ef/3) at t = Sj. This shows ([821 • Since fi is smooth and {5^}°^^ is 

dense, fl8.53p and (I8.54p show that for a.e. s G (—1/4,1/4), //™''(-,s) converges strongly in 
L'^{By^) to fi{-,s) as m — > 00. Since \\fi'^\-,s) — fi{-, s)\\i2(^b'^^.^) is bounded uniformly in 

s G (—1/4, 1/4), the dominated convergence theorem shows that H//'"^ — fi\\L'^{n') converges 
to 0. This ends the proof of Lemma [8.41 □ 

Next we define T^") G G{n,k) as the image of the map x 1 — > n^"^^x ■ V/(0,0), which 
is the tangent space of the graph {x, n^"^^ f{x,0)) at x = 0. Also define A^"^^ G A{n,k) by 

^ rp{m) ^ (0,;iM/(0,0)). 

Lemma 8.5. There exists a constant C12 which depends only on cn and K^, with the following 
property. For < 9 < (16A,)-^/2 /^^^g ||y _ < c^^^M and 

(8.56) limsup(/i('"))-2 /" dist{A^"'\xyd\\vl"'^\\dt<ci29''^'^- 

m-s>oo ic(T,26»)x(-e2A.,6»2A,) 
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Proof of Lemma \8.5[ We first note that any interior partial derivatives of / may be 
estimated depending only on the order of differentiations and cn due to the fact that / is a 
solution of the heat equation and by the standard linear regularity theory. In particular, by 
the second order Taylor expansion at the origin, we have (with t) — f{x, 0)| < c\t\ < cO"^) 

(8.57) / t) - /(O, 0) - X ■ V/(0, 0) |2 dV!"^^ < crsO"^^ 

for any < 9 < (16A^,)~^/^ and for some C13 depending only on cn and A^. Next, by the 
Lipschitz approximation of VJ*-™^ and dist (y4*^'"),x) < c(cii)/i*^™'' on the support of ||V^^™^||, 
we may prove (just like ( l8.4Up ) that 

(8.58) 

(/i(™))-' / dist(A("),x)2rf||v;('")||dt 

= 0(1) + (/i("))-2 / |(T(-))^((a;,/("^)(x,t)) - (0, /(O, O)/!^")))^ 

Since {x,x- V/(0, 0)/i(™)) G T^"), 

|(T(™))^((a;,/(")(x,t))-(0,/(0,0)/i('")))| 

(8.59) = |(T("))^((x,/(")(x,t)) - (0,/(0,0)/i(™)) - (x,x ■ V/(0, 0)/i(")))| 
< 1/^™^^;,^) - fix,t)fi^"^^\ + \fix,t) - 7(0,0) - X ■ V/(0,0)|/x("^) 

where we added and subtracted (x, /(x, t)/i^'"^) and used the triangle inequality in the second 
line. Now we substitute fl8.59p into fl8.58p and use fl8.57p . Since we have the strong L'^{Q') 
convergence (Proposition 18. 4p we obtain fl8.56p for a suitable C12. □ 

Fix 6^: so that 

(8.60) < < (16A*)~^/^ ScuOl < . 
For 1 < 7 < 2 we have fl8.56p for 6 = 7^^, and hence for all large m, 

f dist{A^^\xfd\\v}"'^\\dt< (012(7^.)'+' + o(l))(/i("))2 

(8.61) -'c(T,27e,)x(-02A.,e2A,) 

by (Km\f . with II T^*") - T|| < cis/i^"^ and A^*") is parallel to T^"'\ For all sufficiently large 
m, due to Lemma[821 C(iy(™), 2^,) n spt|| V;^™^|| C C{T,2j9^). Thus we have from fimj) 

limsup^;('=+^)(/i("))-2 /" dist{A^'^\xyd\\v}"'^\\dt 

(8 62) nn-oo ic(W'('"),26».)x(-e2A.,e2A.) 

By letting 7 — 1, (I8.62p contradicts with f l8.14p . and the first part of the Proposition 18. II is 
proved. 

For fl8.10p and fl8.1ip . just as we obtained fl8.27p by Corollary 15.91 we may obtain 

(8.63) / |Cl^t||(0m) -c\dt< K{^^ + C{u)). 

J -1/2 
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Since \\W — T\\ < £4, < and /i < £4, by further restricting £4 so that the right- 
hand side of (18.631) is sufficiently small, and choosing generic ti and t2 satisfying the same 
inequality as fl8.63p (with W and a different constant), we may conclude that such t can be 
chosen. This concludes the proof of Proposition 18.11 □ 

Corollary 8.6. (cf. ^ 8.17]j Corresponding to Ei, v, p, q there exist < £5 < 1 and 
1 < C15 < 00 with the following property. Under the assumptions of Proposition \8.1\ where 
£4 is replaced by e^, and with -R''||m|| < £5, 

(1) there exists a unique element a G spt ||Vo|| fl {x : W{x) = 0}, 

(2) there exists Too ^ G{n,k) such that 

(8.64) Tan (spt || V^)||, a) C Too 
and 

(8.65) ||Too-T|| < Ci5max{/i,ci4i?^||u||}, 

(3) whenever < s < R, there are Tg G G{n,k) and Ag G A{n,k) such that As is 
parallel to T, and 



(8.66) 



T.-T00II+ I s-'^-M / dist (x, Ay d\\Vt\\dt 



-s2A, JC{W,2s) 

< Ci5(s/-R)'' max{yU, ci4-R'^||m||}. 



Proof. We may assume R = 1 after a change of variables. We choose < £5 < 1 and 
1 < C15 < 00 so that 

(8.67) Ci4£5 < £4, 

00 

(8.68) £5 + Y,{c^,f9i^-'^'e, < e,, 

i=i 

00 

(8.69) 2014$^^^^)^ < Ci5, 

j=0 

(8.70) 26;^^+^^^^^' < C15. 

We inductively prove the following. Set Tq = T and Aq = A. Suppose for j = 1, ■ ■ ■ , / that 
there are Tj G G(n, k) and Aj G A(n, k) such that Aj is parallel to Tj and 

(8.71) ll^i -^^--ill < ci4er'^'max{/i,ci4||^i||}, 

(8.72) ■= ( 9;^^^+^^ [ ' * [ dist {x,Ajyd\\Vt\\dt'] < max{/i, ci4||m||}, 

\ J-el^A, Jc(w,2ei) J 

(8.73) (-A. + 1)6'^ < 3t,, < (-A. + 2)^' : C'i^*. Jl (0?^,,.) < (2 - ^)c, 

(8.74) (A. - 2)^' < 3t2, < (A. - 1)^^ : 0;'=^||V;,J|(0j^_^,) > uc. 

Since £5 < £4, Proposition 18.11 provides the proof for the validity of j = 1 case. Under the 
inductive assumption up to j = /, we have 

(8.75) /X; < 6*^'" max{/i, ci4||m||} < £4 
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by (E3D, \\u\\ < £5 and flH^Tj) . 

I 

\\Ti - W\\ < \\To -W\\+J2 - Tj-i\\ < \\T - W\\ 

(8.76) 

+ ^ci4^(^-^)^max{/i,ci4||M||} < £5 + J2icufe,9i^-'^' < e, 

by dHU), (IH3D, \\u\\ < £5, flSTT]) and dHSSD- For R = e[, the assumptions (IHII])-(IHSD are 
now satisfied due to f lST^ . f E75]) . f lgnj) as well as 6'^'^||u|| < £4. Thus we have 

T/+1 G G(n, fc) and A^+i G A(?2, /c) such that A^+i is parallel to T;+i, 

(8.77) ||T,+i -T/ll < ci4/i, < Ci46''^max{/i,ci4||u||} 

by (USD and f l8T2|) . 



, 7o^ /iz+i : = ^^;('+^)(^+^) / / dist {x,A,^,fd\\V,\\dt 

< eima.^{iii,c^^ei'\\u\\] < ^^('+i)^max{/i,ci4||n||} 

by (ESD and fl8T2|) . fl8T3|) and (EZID for j = / + 1 are also satisfied due to flHTTOj) and f lHTT]) . 
Hence the next inductive assumptions fl8.7ip -f l8.74p are satisfied. It is now clear from fl8.7ip 
that there exists Too = linij-5.00 ^ G{n,k) satisfying fl8.65p due to fl8.7ip and fl8.69p . To 
prove (1), first assume that spt ||Vo|| n{x : W{x) = 0} = 0. By definition, there exists some 
7 > such that || Vo||C(iy, 7) = 0. By the unit density assumption (Al) and Proposition 
16.21 we may then prove that there exists < 7' < 7 such that || Vi|| (C(14^, 7')) = for 
< t < 7'. But this contradicts with fl8.74p for all sufficiently large j. Thus we prove 
spt ||Vo|| n {x : W{x) = 0} 7^ 0. To prove the uniqueness, we observe that 

(8.79) spt \\Vt\\n{x : dist (x, A,) > o{l)ei}nC{W,Wi/2) = 0, {-A, + l)9l^ < Vt < AJ^^ 

where o(l) here means < o(l) — )■ as j — > 00. The proof is almost identical to that 
of Lemma 18.21 after a change of variables and with some notational modifications. Let 
ttj := Aj n {x : W{x) = 0}. One can prove \imj_^oo(ij = a '■= spt ||Vo|| fl {x : W{x) = 0}, 
by means of fl8.79p . which proves (1). Also f l8.79p shows that Tan (spt || Vo||, a) C Too (recall 
diH)), proving (2). Finally for < s < 1, choose j such that ^^■+^ < s < 61, and let T, = Tj, 
As = Aj. Then we have 



||T, -Tooll < ci4max{/i,ci4||M||}^^(^'+')^ 

(8.80) 

= Ci4X]^r'^'max{/i,Ci4||^i||}^^l^+')^ < Ci5max{^,Ci4||M||}sV2 

by lEmf and 

1 
2 



(8.81) 



s-^"^'^ I / dist {x,Asfd\\Vt\\dt] <C^'+'^/V, 

-s^A, JciW,2s) 



< 0;('^+^)/2max{/i,CMi|w||}e < 9;^'^'y'-'max{fi,cM\}s' 

< C15 max{/i, ci4||'u||}s'^/2 

by flSTO]) . Combining and (KWDf . we obtain (EMtf . □ 
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Theorem 8.7. Corresponding to 1 < Ei < oo, < u < 1, p and q with fl3.2p . there exist 
< £6 < 1; < 0" < 1/2, 2 < A3 < oo and 1 < Cig < cxd with the following property. For 
T e G{n,k), < R < 00, U = C{T,3R) and (0,A) replaced by {-A^R^ , A^R"^) , suppose 
{yt}-A3R2<t<A3R^ and {M(-,t)}_A3^2<i<A3R2 satisfy (Al)-(A4). Suppose 

( r^sR^ f \ ^ 

8.82) /i:= LR-('^+^) / / \T^{x)\^d\\Vt\\dt] < e^, 

\ J-A-iR2 Jc(T,3R) J 

8.83) ■= R''\\u\\lp,i{C{T,3R)x{-A3R2,A3R2)) < ^65 

8.84) (-A3 + 3/2)i?2 < < (-A3 + 2)i?2 ; R-'^UVM^j,) < {2 - u)c, 

8.85) (A3 - 2)/?2 < < (A3 _ 3/2)i?2 . R-^WVtMlj,) > uc. 

Denote D := {T n B^r) x (-i?74, i?V4). Then there are f : b ^ and F : D ^ W 
such that T{F{y, t)) = y and T^{F{y, t)) = f{y, t) for all {y, t) e D, 

8.86) spt \\Vt\\ r]C{T,aR) = image F(-,t) Vt E {-R^ /A,R^ /A), 

8.87) f{x,t) is differentiable with respect to x at every point of D, 

8.88) R-'\f{y,s)\ + \\Vf{y,s)\\<ci,max{fi,R'\\u\\}, y{y,s)eD, 

o on^ 11'^ .^(^1' ^1) ~ '^/(?/2, S2)\\ < Ci6max{/i, R'\\u\\} {R-^ max{|yi - t/sl, |si - Ssl^^^})^ , 
8.89) 

V(2/l,Si), V(?/2,S2) G D, 



\f{y,si) - f{y,S2)\ < Ciemax{fi,R''\\u\\}{R - sa 

8.90) 

y{y,s,),y{y,S2)eD. 



Proof Let A*, 9^:, C15, £5 be fixed by Proposition 18.11 and Corollary 18.61 corresponding to 
El and u there replaced by u/2. We set A3 = A,,, + 1/4. Without loss of generality we may 
assume R = 1. Set a := min{l/2, cz/(2'^"'"^ii^i sup |V(0|n)|)^"'^}. Then a < 1/2 and we have 
for any y E 

[ cj>'^{--y)d\\Vt,\\< [ 0|rf||FtJ| + |y|||V^tJ|(C(T,3/2))sup |V(0|)| 

(8.91) JC{T,2) JC{T,2) 

< {2-u)c+\y\\\Vt,\\{B2)snp |V(0|)| < (2 - z//2)c 

where we used f l8.84p . C{T, 3/2) flspt \\Vt-^ \\ C B2 for sufficiently small Eq which follows from 
Proposition 16. 4^ (A2) and the definition of a. The similar bound for ^2 inay be obtained. 
Note that for any s e (-1/4, 1/4), ti e (-A^+s+1, -A^+s+2) and e (A^+s-2, A^+s-1) 
due to the intervals in f l8.84p and f l8.85p . Thus all the assumptions for Corollary 18.61 are 
satisfied for domain centered at {y, s), i.e., for C(T, y, 2) x (— A* + s, A* + s). We may conclude 
that there exists a unique element which we define to be F{y, s) e spt fl {x : T(x) = y} 
for each {y, s) G D. Define f{y, s) := T^{F{y, s)). It is also clear that F{y, s) is differentiable 
with respect to space variables and that image VF{y, s) = Too{y, s), the latter being Too for 
{y, s) in Corollary 18.61 Then fl8.88p follows from (I8.65P and Proposition 16.41 for a suitable 
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Cie- For (2/2? -52) G D, set d := max{|?/i — y2\, \si — 52]"'^/^} and w := 2d. We have 

Twivi, Si) G G(n, A;) and v4u;(?/i, si) G A(n, A;) which is parallel to T^iyi, si) satisfying 

(8.92) 

/ / dist(x,A^(i/i,si))2rf||\4||rft 

Jsi-w'^h^ Jc{T,y-L,2w) 

< C15W'' max{/i, Ci4||'u||}. 
By the definition of w and d, one can check that 

(8.93) C(T, y2, 2d) x (53 - S2 + d^A,) C C(r, 2w) x (si - w^A,, Si + w^A,). 
By dHM]), 

1 



/ / dist(x,A^(?/i,si))2(i||rf||rft 

/ psi+w^A, j- \ 2 

<2('=+4)/2 / / / Aisi {x,A^{y,,s,)fdm\dt 

\ Jsi-to2A, Jc(T,v^, 2w) 



'si-to2A, JC(T,yi,2w) 

Since we may choose ee small so that ||T^(?/i, si) — T|| < £5, and conditions (18. 5 p and (18. 6 p 
corresponding to the domain C(T, 1/2, 2(i) x (s2 — d'^A^,, S2 + d^A^) are satisfied, we may apply 
Corollary 18.61 to this domain by restricting Eq small. Thus we obtain with (I8.92p and (I8.93P 
that 

(8.95) \\Tyj{yi,Si) -T^{y2,S2)\\ < Ci5max{2(''+^)/2ci5w'^max{/i,ci4||M||},Ci4C?'^||M||}. 
(I8.92P and f l8.95p shows with an appropriate Cie that 

(8.96) \\Too{yi, si) - T^{y2, S2)\\ < Ci6(i^max{/i, 

Since image VF(?/, s) = T^oiy, s), (I8.96P shows (I8.89P via [H 8.9(5)] with a new suitable Cig. 
For (18. 90 p . we observe that (I8.92p combined with Proposition 16.41 gives the estimate with a 
suitable ciq. □ 

Remark 8.8. Note that Theorem\^ shows that spt \\Vt\\nC{T, aR) fort G {-R^ /A, R'^ /A) 
is a set of C^''' regular points. 



9. Partial regularity 

In this section, we prove the main partial regularity result. The main idea of proof comes 
from [HI 6.12], though we greatly simplify the overall computations. First we give a more 
convenient form of regularity criterion which is suitable for establishing partial regularity. 

Proposition 9.1. Corresponding to 1 < Ei < 00, < u < 1, p, q with (13. 2p there exists 
2 < L < 00, 3 < A4 < 00, < £7 < 1 with the following property. Assume {Vf}o<t<A 
and {if(-, t)}o<t<A satisfy (A1)-(A4). For (a, s) eU x (0,A), assume that for some R> 0, 
BRL{a) X (s - i?^A4, s + R^A^) C f/ x (0, A) and for some T G G(n, k), 

(9.1) j \T^^x-a)\U\\VM,\\\^ <e,, 

(9-2) R'^\\u\\LP''i(BRLia)x{s-R^A4,s+R'2A4)) < ^7, 



50 K. KASAI AND Y. TONEGAWA 

(9.3) s - i?2(A4 - 5/2) < 3ti < s - i?2(A4 - 3) : i?-^||V^J|((/.^(- - a)) < (2 - z/)c, 

(9.4) s + R\A4-3) <3t2<s + R\A^-5/2) : i^-'^Hl^^ l| (0^(- - a)) > z/c. 

Here, (Pr{x) := (j){\x\/R) with (p defined in (15.11) and c defined in (15. 3p . Then (a, s) is a C^'"" 
regular point. 



Proof. We check that Theorem 18.71 is apphcable for the conclusion. We may set i? = 1, 
a = and s = after a change of variables. Let A3 and Eq be constants corresponding to 
El and z/ there replaced by 1^/2. Set A4 = A3 + 1. We use Proposition 16.51 with A = 2A4 
and obtain C17. Fix a large L > 2 so that we have 

(9.5) cuL'+' exp(-(L/4 - 1) V(8A4)) < el/{8A,). 
Then restrict Ej < Eq so that 

(9.6) 4'=+2ci7(42%2 + 4'e,){L/4Y < eI/{8A,). 

By (16.281) with R = 4 and L there replaced by L/4 with L given in the assumption, and 
fl93|) . fl93|) . ([92]), we obtain 

(9.7) / |r^(x)prf||\/,|| <exp(l/(8A4)) / \T^ {x)\' d\\V.j,,\\ + eI/ i4A,) 
for all t G [— A4, A4]. By integraring (19. 7p and by (19. ip . we have 

(9.8) [ \T^ix)\'^d\\Vt\\dt<2A^exp{l/{8A4))E'^j + El/2. 
J-A4, J B4, 

By (19. 8p and Proposition 16. 4[ by further restricting e-j if necessary, we have 

(9.9) spt \\Vt\\ n fii6/5 C {|T^(a:)| < 1/5} 

fort G [-A4+1,A4-1] = [-A3, A3]. By re-defining V^t = on C(T, 3)\5i6/5 for t G [-A3, A3], 
one can check that the newly defined {V^} satisfies (13. 4p on C(T, 3) x [—A3, A3]. By restricting 
£7 further, we may guarantee that (18.820 is satisfied by (19. 8p . For conditions (18.840 and 
(18.850 . note that / [0^ — 0i| c?[| VJ|| can be made arbitrarily small by Proposition 16.41 and 
choosing small £7, i.e., by making dist (T, spt ||V^||) sufficiently small. Thus, having assumed 
(19. 3p and (19. 4p . we can guarantee that (I8.84p and (I8.85P hold for v /2 instead of v. We now 
have all the assumptions for Theorem 18. 7[ and hence (a, s) is a C^''' regular point. □ 

Lemma 9.2. Under the assmuptions (Al)-(A4), there exists a co-countable set G C (0, A) 
such that \\Vt\\{(f)) is continuous at t & G for any G C^{U; M+). 



Proof Fix G CliJJ; M+). Computing as in (13. 5p . we have for any < ^2 < ^2 < A 
(9.10) 



i^t.ii(0) - ii^tji(0) < r i I ^ + + iv0ii«i dm\ ) dt 



^{t)dt, 

ti 

where $ is integrable due to (A2) and (A4). (19.101) shows ||Vt||(0) — $(s) ds is monotone 
decreasing, and there are at most countably many discontinuities for such function. Since 
J^^{s)ds is continuous, such discontinuities are caused only by ||Vt||(0). By choosing a 
dense and countable set of functions in C^{U; M"*"), we may conclude the proof. □ 

We focus our attention at time t G (0,A) when Vt is unit density and t E G. By 
(Al) and Lemma WTH such time is a.e. on (0,A). Without loss of generality we assume 
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t = G (— t, A — t) in the following, and assume Vq = \M\. Without loss of generality, we 
may assume M C spt \\Vo\\. By the standard measure-theoretic argument ( [12^ 2.10.19]), for 
n'' a.e. X e spt\\Vo\\ \M, we have Q^{\\Vo\\,x) = 0. For n'' a.e. x e M, Q^{\\Vo\\,x) = 1 
and a unique approximate tangent space Tan^-M exists. 

Definition 9.3. Set 

(9.11) Ai := spt llVoll \ M, A2 := M \ {C^^"^ regular points} 

We aim to prove that Ti^^Ai) = 'H^{A2) = 0. By definition, Ai U A2 is closed. 
Lemma 9.4. We have 'H'^^Ai) = 0. 

Proof. It suffices to prove l-L^{Ai r\Br{a)) = for arbitrary B^j.{a) GG U. After a change 
of variables, let a = 0. Assume for a contradiction that H^lAi Ci Br) > 0. Let cig and Cig 
be constants given in Corollary 16.31 Fix a sufficiently small < -Rq < '"/2 so that 

(9.12) Ro\\u\\Lr'>HUx{-t,A-t)) < 1 and Sr„(x) x {-CisRIO) GG U x {-t,A-t) 

for all X G Br- Then by Corollarv 16.31 with fl9.12p . for any x G Aid Br and < R < Rq, we 
have 

(9.13) ||^-cisi?.HI(5i4K/i5(a:)) > c,,R', 

since we would have || Vo|| (-B4r/5(x)) = otherwise, contradicting x G spt ||Vo||. Next let 

(9.14) := {xGA.nBr : \\VoUBr{x)) < CigR''/2, < V/? < r/m}. 

Since e''{\\Vol x) = for K'' a.e. x G Ai n Br, we have H'=(Ai n Br) = K'^iU^^^Ai^m)- 
Since Ai^^ is an increasing sequence and since T-L^i^Ai fl i?r) > 0, there exists some mo such 
that 'H^(Ai^mo) > 0. By the definition of the Hausdorff measure, there exists some (5o > 
such that 
(9.15) 

{ 00 / Y ^ \k ^ 

Yl^ujk y-^^^j ■■ ^i,mo C U°liG„ diamG,- < 2<5o| > 0, 

where inf is taken over all such covering of Ai^rno- Note that b < cxd even if l-L^{Ai^rno) = oo- 
In the following we fix such Rq, mo. So, Ai,mo and b. 



For any R with < i? < minji^o, r/mo, 60}, consider the covering {i?ij(6)}feg^j^^ of Ai^rno- 
By the Besicovitch covering theorem, there exists a family of collections ■ ■ ■ , B-B(n) each 

of which consists of mutually disjoint balls and which satisfies Ai,mo C U^"^ ^W^eBj ^Ri^)- 
Due to (19.151) and R < 60, we have for this covering 

Bin) 

(9.16) b < ^(# of elements of Bj)R'' 

By f l9.16p . there exists at least one of the collections, say, Bjg, consisting of closures of 
mutually disjoint B^ihi), • ■ ■ , Bji{bj\f), where N is the number of elements of Bjg, and such 
that 

(9.17) b < iUkB{n)NR'' 
holds. Since R < r/rriQ and hj G Ai,mo) (I9.14p shows 

N 

(9.18) WM^Bnih,)) = \\Vo\\iuf^,BR{b,)) < Nc,,R'/2. 
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On the other hand, by fl9.13p and R < Rq, we have 

N 

(9.19) Yl \\y-c^sR4iBimMb,)) = \\V.,,,n4{uf^,BuBMbj)) > Nc^^RK 
Hence (l9Tn) - (l9J9l) show 

(9.20) ||K,||(uf=i5«(6,)) - \\V-c.M\{^UBim/i,{h)) < -i^^^y 

where we note that the right-hand side is a negative constant independent of R. Let G 
C^{Bi) be a radially symmetric function such that O<0<l,0 = lon -B14/15 and 
|V0| < 30. Then define (Pq{x) := 0(a;/(2r)) and for j = 1, ■ ■ ■ , A^, 0j(x) := 0((x - hj)/R). 
Since UjLiBji{bj) C -B3r/2 and {i?i^(6j)}^i are mutually disjoint, we have 



AT 



(9.21) l>4>:=(po-Y(pj>0- 



Due to the definition of (pj and by f l9.20p . we also have 

(9.22) ||v,„||(^,,)_||^_,.,|(^,,)<__£^. 

j = l j=l 

We have by f lCTj) and (ESSD 

Cigb 



(9.23) ||K.||(0o) - \\V^c,,r4{<Po) < \\Vo\m - ||^_c.s«^|,vr; 2co,B{n) 

Since G C,°°(f/;M+), by (23]) and writing -Cigi?^ =: s (and omitting (i||V^||o?t), 

\\vo\m - \\Vs\\{4>) < f I {-m' + iv0ii/ii + + iv0iiw|) 



(9.24) <n/ /iv^n +(/ / \-n / / 

Js J J \Js J B2r / J V"'S JB2r 

2 \ / / / l„.|2 



Since |V<^| < 30/i? and by (A3), we have 

(9.25) f [ |V0p < 900ukCi8{2r)''Ei, lim [ [ = 0. 

Combining flOHjl - flOHj) . for all small i? > 0, we obtain 
(9.26) 

ro r \ 1/2 



||K)||(0o) - \\V.c,sMo) < {900ukC,si2r)''E, + 1)^2 / / |/,|2 

Since ||V^||(0o) is continuous at t = 0, for all small i? > 0, we finally obtain 



Cigb 



(9.27) c,o:=(^^^^)\900uj,c^s{2r)'E, + l)-'< r I '^'^ 

\8uJkB{n)J J_ 



\h\'- 

ClsR-2 JB2r 
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Note that C20 is independent of R. Now consider (j){x) = (j){x/3r) so that G C^^B^r) and 
= 1 on B2r. We have by (JH]), <B> and flOTj) 

(9.28) ||Vo||(0)_||v_^,||(0)<_ r /'i^ + o(l)<-^ + o(l) 



2 



for all sufficiently small R > 0. But this contradicts the continuity of ||Vt||(0) as t 0. 
Hence we complete the proof. □ 

Lemma 9.5. We have H^{A2) = 0. 



Proof. Just as in the beginning of proof for Lemma 19. 4[ for a contradiction, assume 
i?3r CC U and T-L^{A2 fl Bj.) > 0. Since A2 C M, it is a finite value. Corresponding to 
u = 1/2, we fix L, A4 and £7 by Proposition 19. II For each m E N with (L + 1) < m, define 



(9.29) 



A2,m ■■= G n 5,, : \R-^\\Vo\\{(j)li- - s)) - c| < c/4, < Vi? < r/m and 

|(Tan,.M)^(l/ - x)!^ d\\Vo\\{y) < £?/2, < Vi? < r/m|. 



where (pRix) and c are as in Proposition 19.11 Since there exists an approximate tangent 
space Tan^M for 'H'' a.e. x G fl Br, we have 'H''{A2 fl S^) = 'H^(U(j^+i)<meN^2,m)- Since 
7/^(^2 n Br) > 0, for some (L + 1) < mo G N, we have 'H''{A2,mo) > 0. Similar to f TOf^ . 
we may choose 60 > such that 'Hsg{A2^mo) > 0. Choose small i?o > so that 

(9.30) i^^llMllLp.nt'xM.A-t)) and B^l+i)r^{x) x (-A4i?2, A4i?2^ CC f/ x {-t,A-t) 
for all X E Br- For each < i? < -Rq, we define 

^2,mo(^) - e ^2,^0 : (EH) fails for any T G G{n, k) }, 

(9.31) „ „ 

Alr^^iR) := {x G A2,mo ■■ (B fails}, A|^^(/?) := {x G ^2,^0 : O fails} 

with z/ = 1/2 in (19. 3p and (19.41) . Since any point of A2,mo is not C^''' regular, and by 
flOni) . Proposition O shows ^2,^0 C Uf^^A'a ,„g(i?) for all < < i?o (if not, then 
X G ^2,7710 \ Uf^^Ag „j^(i?) satisfies (19.1 1) - f l9^ and Proposition 19.11 applies to (a;,0)). Since 
H'^s^ is sub-additive, we have Hl^{A2,mo) < ELi '^lo(^2,mo(^)) ^nd we have ior < R < Rq 

(9.32) < b := nliA2,^,,)/3 < maxj?/,^^(4^^(i?))}. 

We prove that we will have a contradiction whichever of three quantities takes the maximum 
value. We proceed with the assumption that < i? < min{i?o, (L + l)mo. So/ (L + 1)}. 

Case 1. When b < 74(A^i?)). 

Consider the covering {B(^l+i)r{x)}x£AI (r) of Al^^^{R). Just as in Lemma 19^ there exist 

mutually disjoint 5(l+i)^(6i), ■ ■ ■ , B(^L+i)R{bN) with bi,-- ■ ,bN e Al^noiR) and with 

(9.33) h <uJkB{n){L + l)^NRK 
bmce Oj e A2,mo, (E29]) shows 

N 

(9.34) Yl / \T^^ix-b,)\'d\\Vo\\ < e?Ari?^+V2, 

j = l "'-B(L+l)ij(6j) 
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where we denote Tj := Tanf,^M. On the other hand, since bj G ^2 mo' fl9.3ip . we have 

N 

(9.35) V / \T^^ix-b,)\'d\\V_^,^4>e',NR''+\ 



3- 



Let G C^(-Bl+i) be a radially symmetric function such that Q < (p < \, (p = \ on and 
I V0I < 2. For J = 1, ■ ■ ■ , A^, define 

(9.36) 0,(x) = 0((x - 6,)/i?) and ij{x) = {{L + l)i?}-V,(x)|T/(x - b,)\^. 

Note that {^jj^^i have mutually disjoint supports and that < < 1. Now combining 
(inSSD-dS^S]), we then obtain 

(9.37) m{Y.Q - <- - 2ML^ir- 

Let 00 € C'^{B2r) be a radially symmetric function with < 0o < 1, 0o = 1 on -83^/2 and 
|V0o| < 3/r. Since spt^j C we have 

AT 

(9.38) l>0:=0o- J]0>0, 
and by fl^:^ . 

(9.39) ||K)||(0o) - ||^-A4i?HI(0o) < UK) 11(0) - \\V-A,R2r~^' 



Now the rest of the argument proceeds just like fl9.24l) - fl9.28l) since newly defined also 
satisfies |V0| < 3/R, and we similarly obtain a contradiction to the continuity at t = 0. 
Thus Case 1 cannot occur for sufficiently small R> 0. 

Case 2. When b < ^^(A^ (i?))- 



Consider the covering {i?/j(a;)}^g^2 (m of (R). Just as in Lemma [931 there exist 



mutually disjoint B^i^bi), ■ ■ ■ , Bn^b^) with 61, ■ ■ ■ , &Af G „jg(-R) with 

(9.40) b < a;fcB(n)A^i?^ 
Since bj G A2,mo) (I9.29P shows 

(9.41) i?-'=||mi(0^(--6,)) <5c/4, 
while 6j G y42 „jg(-R) implies 

(9.42) i?-'=||y_(A,_3)i?HI(4(- - b,)) > 3c/2. 
Hence flCTD - flO^D show 



cb 



N N 

(9.43) \\Vo\\{J2<PU--b,)) - \\V^iA,-s)n4{Y.<i'ni--b,)) < - 

j=i j=i 

Define 0o G C^(i?2r) as in Case 1 and 

iV 

(9.44) l>0:=0o-$^0?j(--&,)>O. 
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Then by flCTj) and flCTj) . we have 

cb 

(9.45) WVMo) - ||^-(A4-3)rHI(0o) < \\Vo\m - ||F__(A,_3)K2 



Note that |V0| < c/R, and the rest of the argument proceeds just hke f l9.24p - fl9.28p . leading 
to a contradiction for all sufficiently small R > 0. 

Case 3. When b < ^.^^^^(i?)). 
The argument is similar to Case 2. With the same kind of covering balls, we have 

(9.46) R-''\\VoU(Pl{--b,))>3c/4 
in place of fl9.4ip and 

(9.47) /?-'=||V(a,_3)hHI(0|(--&.)<c/2 
in place of fl9.42p . leading to 

^ ^ rh 

(9.48) ||V^(a.-3)kHI(E<^?^(--^^-)) - ll^o||(E<^?^(--^.)) < -^-TW- 

i=i i=i ^ ^ ^ 

Similar argument leads to a contradiction to the continuity of ||Vt||(0) as t \ 0. 

Thus all three alternatives lead to a contradiction and this shows the claim of Lemma 

EE □ 

By Lemma 19.41 and Lemma 19. 5[ now we conclude the proof of Theorem 13.21 



10. Concluding remarks 



10. L C°° regularity. In case u = 0, Brakke claimed that the support of moving varifold 
is a.e. time and a.e. everywhere C°°. Unfortunately, in examining his proof, there is an 
essential gap in the argument for going from C^''> to estimates. After showing that the 
spacial gradient is Holder continuous in the middle of page 202 of Brakke proceeds to 
prove that the graph can be approximated by some quadratic function, claiming that the 
graph is C^'^/® in the space variables. For the proof, from (21) of page 203 to (22) of the 
next page, he substitutes p + q = R^ with e = 1/100, which one can easily see from (22) that 
it should he p + q = R^/'^ instead. In the 4th line of (25), Brakke substitutes p + q = R^, 
which instead can only be R^^^ from the previous computations. This is a crucial step to 
show the decay rate is good enough. If p + g = i?^/^, no improvement is achieved, and 
his argument has an essential gap in this regard. To remedy the situation, the forthcoming 
paper [26j gives a proof that, assuming that u is a- Holder continuous, the support of moving 
varifold is a.e. C^'" (in parabolic sense) and it satisfies the motion law classically. Thus by 
the standard parabolic regularity theory, if u is C°°, and in particular u = 0, the support 
is a.e. C°°, which is Brakke's original claim. The idea of proof is to carry out another blow 
up argument with second order approximation and is similar to the proof in Section 8 in 
spirit. 

10.2. Time independent case. Suppose that Vt and u do not depend on t while (A1)-(A4) 
are satisfied. Then (13.40 reduces simply to 

(10.1) 0<B{V,u,(f)), V0 G C](?7;M+). 

We have V = \M\ for some countably fc-rectifiable set M C f/ by (Al), h{V) G Iv2(||V||) by 
dSSD and u G ivP(||V||) with p > A; by We claim that 
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Lemma 10.1. h{V) + u-^ = 0, \\V\\ a.e. on U. 

Proof. Let x G M be any Lebesgue point of h{V) and with respect to 'H'^ measure. We 
may also assume that the approximate tangent space for M exists at x and h(y) = h(y)^. 
Set of such points is a full measure set on M. For any (p G C^(M'^; M"*") and < r < 1, define 
(f)^{y) ■= (j){ly - x)/r). For all sufficiently small r > 0, 0^ G Ci(;7;R+). By ffTIUD with this 
(j)r, we have 

(10.2) 0< j {-Hr + r-^V ((){{■ -x)/r)} -01 + u^)d\\V\\. 

By change of variables y = {y — x)/r, dividing fll0.2p by r^^^, and letting r — t- 0, we obtain 

(10.3) 0< [ V(t){y)<m!'{y)-{h{V,x)+u^{x)). 

Note that the vector Jr^^j^,j^ ^4>{y) dl-L^iy) is perpendicular to Tan^M, but otherwise it may 
be arbitrarily chosen depending on (p. Thus for (110.31) to be true, hiV^x) + u-^{x) = 0. Thus 
this holds for a.e. x on U. □ 

Thus, in this case, we have h(y, ■) G L^'(||l/||) with p > k. Since V has density equal to 1 
a.e., Allard's regularity theorem applies. In this sense, the partial regularity theorem of the 
present paper is a natural generalization of Allard's regularity theorem. 

11. Appendix 

11.1. Inequalities for G{n, k). In this subsection we collect some well-known facts which 
are used in this paper. For completeness we include their proofs. 

Lemma 11.1. For 5, T G G(n, k) and v G R", we have the following. 



(11.1) I-T = k, T^ = T, ToT = T, ToT^=0. 

(11.2) 0<k-S-T = S^-T<k\\S-Tf. 

(11.3) < ||5 - Tf < {S -T) ■ {S -T) = 2T^ ■ S. 

(11.4) \T{S\v))\<\\T-S\\\v\. 

(11.5) \T{S^{T{v)))\ < ||T-5||>|. 



Proof. By taking a set of orthonormal vectors {vi,--- ,Vn} such that Vi,--- ,Vk G T, 
/ ■ T = tr (T) = "^i^i Vi ■ Tivi) = k. It is clear that T* = T if represented for such basis, and 
thus it is symmetric matrix. T oT = T and T o T-*- = are clear and this ends the proof of 

(unD 

By flll.ip . and for the orthonormal vectors {fi, ■ ■ ■ as above, 

k-S-T = I-T-S-T = S^-T = tT{S^oS^oToT)=tT{S^oToToS^) 

n 

= ti {{T - S) oT oT o {T - S)) = J2 ^\ -{T o{T - S)o{T - S)o T){vi) 

1=1 

k 

= E • ((^ -S)oiT- S))iv,) <k\\S- Tf. 

i=l 
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It is also clear from the intermediate expression that the above is nonnegative. Thus this 
proves flll.2p . 

By choosing a unit vector v such that US' — T|| = \{S — T){v)\, and noticing 
\{S - T){v)\' = . as -T)oiS- T)){v) <iS-T).iS- T), 
we have \\S - Tf < (S - T) ■ (S - T). Also 

{S -T) ■ {S -T) =2k-2T ■ S = 2{I ■ S -T ■ S) =2T^ ■ S 

proves flll.Sp . 

For fnT4|) and fflTBD . we have 

\nS^iv))\ = mil - S)iv))\ = |T((r - S)iv))\ <\\T- S\\\vl 
mS^invM = |T((/ - S){T - S){v))\ = |T((T - Snv))\ <\\T- sr\v\. 

□ 

11.2. Additional results. In this subsection we include some results from [B] along with 
their proofs for the convenience of readers. 

Lemma 11.2. (Tzlt of tangent planes [6", 5.5], [T, 8.13]; If U C W is open, V E IVk{U), 
TeG{n,k), 4>eCl{U;R+), 

a= (^J^\h{V,x)\'<P\x)d\\V\\{x)y , /i= (^J^\T\x)U'{x)d\\V\\{x)y , 
fi=([ |T^(a;)nV0(x)|2rf||V||(x)y, /3 = f / ||S - T|| rf^x, S) V , 

\Ju J \JGkiU) / 

then we have 

(11.6) < 4a/i + 16/^2. 



Proof. Let g{x) = (j)^{x)T-^{x) for x E U. Then for S E G{n, k) we have 

(11.7) Vg{x) ■ S = 2(j){x)S{T^{x)) ■ V0(x) + (j)\x)T^ ■ S. 
By ffTTaj) and ffTTTD . ffTLTj) implies 

lcj>\x)\\S - Tf < Vgix) ■ S + 20(x)|5(T^(x)) ■ V0(x)| 

(11.8) < Vg{x) ■ S + 2(t){x)\\S - T\\\T^{x)\\V(f){x)\ 

< Vgix) ■ S + ^<p\x)\\S -T\\^ + A\T^{x)\^\V<l){x)\^ 

Since 

(11.9) [ Vg{x)-SdV{x,S) = - [ (j)'^{x)h{V,x)-T^{x)d\\V\\{x)<a^ 

by Schwarz' inequality, (fTTH]) and (HT^ give (fTTB]) . □ 

Theorem 11.3. ( Cylindrical growth rates [6], 6.4]) Suppose T G G{n, k), < Ri < R2 < 00, 

< a < 00, < (3 < 00, V G lVk{C{T, R2)) is finite and spt \\V\\ is bounded. Suppose 
(p G C'^(C(T, 1); ]R+) depends only on \T{x)\ and spt C C(T, 1). Moreover suppose 

(11.10) / \h{V,x)\^^{x/r)d\\V\\{x) <a'^r\ i?i < Vr < i?2, 
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(11.11) 



Then we have 



\S - T\\'(j){x/r) dV{x, S) < (3'r\ i^i < Vr < R2. 



Gfc(c(r,i?2)) 



11.12) |i?2'^||F||(0(x/i?2)) - R-A\V\mx/R{))\ < fc/3Mog(i?2/i?i) + a/3(i?2 - Ri) + /3' 



Proof. For each fixed r G [-Ri,-R2] "we use the vector field g{x) = r^^(f){x /r)T{x) in the 
first variation. Since spt is bounded in C(T, i?2), g can be modified suitably so that 
it has a compact support in C(T,R2) and so that it does not affect the computations. We 
have 

(11.13) SV{g) = r-^ [ (j){x/r)T ■ S + T{x)^V<j){x/r) ■ SdV{x,S). 

JGk{C{T,R2)) 

Since depends only on |T(x)|, we can derive that 

d(j){x/r) T(x) 



:ii.i4) 



V0(x/r) = — r- 



dr \T{x)\^' 

Using the perpendicularity of mean curvature (12. 4p . Schwarz' inequality, (lll.4p . (Ill.lOp and 
fill. lip , we have 



11.15) 



\SVig)\ 



h{V,x) ■ S^{T{x)/r)<p{x/r)dV{x.S) 

'Gk{C{T,R2)) 

We use ffTTT^ - ffTTT^ and f lTTTg]) of Lemma [into derive 

d_ r 

k 



:il.l6) 



\S{T{x))\^\T{x)\-^<P{x/r) dV{x, S) 



\S{T{x))\^\T{x)\~^(l){x/r) dV{x, S) 

r JGk{C{T,R2)) 

Dividing both sides of (I11.16P by and integrating this from Ri to R2, we obtain 

r->^ [ \S{T{xmT{x)r<P{x/r)dV{x,S)\X^ 

(11.17) JG,iC(T,R2)) 

< kp^ log(i?2/i?i) + aP{R2 - Ri). 
By ffmg]) of Lemma ffTTTTD and ffTTTTD . we obtain ffTTT^ . 
Lemma 11.4. For x G M", S, T E G{n, k), we have 

(11.18) \T-S- k\S{T{x))\^\T{x)\-^\ < k\\S - Tf , 

(11.19) < 1 - \S{T{x))\'^\T{x)\-^ < \\S - Tf . 



□ 



Proof. We verify (111.181) first. We have 

\Sinx))\' = T{x) ■ T{S{T{x))) = T{x) ■ T{{S - I){T{x))) + \T{x)\' 
= -nx)-T{S^{T{x))) + \nx)\\ 
Thus we obtain from (lll.20p 



:ii.2i) 



k\S{T{x))\'^\T{x)\-^ -T ■ S = k-T ■ S -k 



T{x)-T{S\T{x))) 
|T(x)P 
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Writing v = T{x), we have 

(11.22) T{x) ■ T{S^{T{x))) = V ■ S^{v) = \S^{v)\^ > 0. 

Combining ffTT:2D . ffTTSD . ffTT:2T|) . and ffTT:22|) . we prove fflLTSl) . Observing ffTT:20l) and 
ffTT3D . we see that ffTTT^ holds. □ 
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